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Many body localisation: the good

H = ∑
i

( ⃗σ i ⋅ ⃗σ i+1 + hiσz
i ) T = ∞, W > Wchi ∈ [−W, W]

Gornyi, Mirlin & Polyakov (2005), Basko Aleiner & Altshuler (2006), Oganesyan & Huse (2007, 2014), Pal & Huse (2010), …
Experiments: Bordia et al, Schreiber et al, Lukin et al, Choi et al, Xu et al, Roushan et al, Smith et al, Luschen et al, Rispoli et al, Guo et al…



Many body localisation: the good

• Infinite time memory / no transport 


• Exponentially localised integrals of motion “L-bits” 


• Logarithmically growing entropy  


• Neighbouring sub-diffusive Griffiths phase  

[H, τz
i ] = 0

S ∼ log t

⟨σz
i (t)σz

i (0)⟩ ∼ t−1/z, z > 2

H = ∑
i

( ⃗σ i ⋅ ⃗σ i+1 + hiσz
i ) T = ∞, W > Wchi ∈ [−W, W]

Gornyi, Mirlin & Polyakov (2005), Basko Aleiner & Altshuler (2006), Oganesyan & Huse (2007, 2014), Pal & Huse (2010), …
Experiments: Bordia et al, Schreiber et al, Lukin et al, Choi et al, Xu et al, Roushan et al, Smith et al, Luschen et al, Rispoli et al, Guo et al…



Many body localisation: the problems

• Correlation length exponent           , strong drift


• Broadly distributed  in sub-diffusive phase         


• Avalanches        


• Diverging thermalisation times           

ν = ∞ ν ≈ 1 ≤ 2

tth p(tth) ∼ t−μ
th p(tth) ∼ e−c(tth−t̄)α

tth(W → Wc) → ∞ tth ∼ ecW

Kjäll et al (2014), Luitz et al (2015), Schulz et al (2020), Schiulaz et al (2019), Šuntajs et al (2019), Sels and Polkovnikov (2020) 



Many body localisation: the problems

Are these inconsistencies incompatible with MBL?


No. They are natural consequences of the small accessible system sizes.



Many body localisation: the problems

Are these inconsistencies incompatible with MBL?


No. They are natural consequences of the small accessible system sizes.



Assumptions Resonance Model Predictions

• MBL


• Small systems


• No rare regions

• Model for eigenstates 
in MBL phase


• Pre-asymptotic scaling 
theory for the MBL-
thermal crossover

• Phenomenology of 
numerical crossover 


• Self consistently 
stable MBL


Main message



Model for eigenstates: l-bits + resonances

HMBL → H′ MBL = HMBL + λV

HMBL = ∑
i

hiτz
i + ∑

ij

Jijτz
i τz

j + ∑
ijk

Kijkτz
i τz

j τz
k + …

|Ea⟩ = |⋯ ↑ ↓ ↑ ↑ ↑ ↓ ↑ ↓ ↑ ⋯⟩



|E1⟩ = |⋯ ↓ ↓ ↓ ⋯⟩

|E2⟩ = |⋯ ↑ ↓ ↑ ⋯⟩

|E′ 1⟩ ≈ 1

2
( |E2⟩ + |E1⟩)

|E′ 2⟩ ≈ 1

2
( |E2⟩ − |E1⟩)

|E′ ′ 2⟩ ≈ |E1⟩

|E′ ′ 2⟩ ≈ |E1⟩

E

λ

Model for eigenstates: l-bits + resonances

HMBL → H′ MBL = HMBL + λV



Model for eigenstates: l-bits + resonances

|Ea⟩ ∝ |⋯ ↑ ⟩ ⊗ ( | ↓ ↑ ⟩ + | ↑ ↓ ⟩) ⊗ | ↑ ↓ ⟩ ⊗ ( | ↓ ↑ ↓ ⟩ + | ↑ ↑ ↑ ⟩) ⊗ | ↑ ⋯⟩

1/ρ
ξ

1/ρ ≫ ξ



Model for eigenstates: l-bits + resonances

1/ρ ≫ L ⟹

|Ea⟩ ∝ |⋯ ↑ ⟩ ⊗ ( | ↓ ↑ ⟩ + | ↑ ↓ ⟩) ⊗ | ↑ ↓ ⟩ ⊗ ( | ↓ ↑ ↓ ⟩ + | ↑ ↑ ↑ ⟩) ⊗ | ↑ ⋯⟩

1/ρ
ξ

“scaling” with parameter L/ξ⟹MBL stable for L < ξSmall systems 
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Model for eigenstates: l-bits + resonances

� � � � � � � � �

Disordered chain (l-bit basis)

��-2� �-1� �0� �1� �2��

V = ∑
r

Vr |Vr | ∼ e−r/ζ

decomposition of coupling

ρ(r) ∼ 22r+1 ⟨Ea |Vr |Eb⟩ ∼ v(r) ∼
e−r/ζ

2r
density of states matrix element scale



� � � � � � � � � � � � � �

matrix element   level spacing
v(r) > |Ea − Eb |

±β|Ea⟩ = α

Form a resonance

associated timescale: t ∼ v(r)−1

⟨Ea |σz(t)σz(0) |Ea⟩ ≈ cos(v(r)t)

Model for eigenstates: l-bits + resonances

� � � � � � � � � � � � � �



Pre-asymptotic scaling theory

q(r) = v(r)ρ(r) =
e−r/ξ

λ

Matrix elements Density of states

ξ ∼ (1/ζ − log 2)−1 λ(W) ≈ 50
Correlation length exponent Resonance length

ν = 1

 = probability that a state a resonance at range q(r) r



Inverse localisation length 1/�
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 = probability that a state a resonance at range q(r) r

q(r) = e−r/ξ/λ

#resonances ≈
ξ
λ

q(r) ∼ er/|ξ|

#resonances ∼ ecL

q(r) =
1
λ

#resonances ≈
L
λ

Pre-asymptotic scaling theory
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1/ρ ≲ ξ
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� limit of exact diagonalisation
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Asymptotic transition

Overlapping
resonances

Pre-asymptotic scaling theory

1/ρ ≲ ξ



The resonance model - implications

• “Sub-diffusion” without rare regions1

• Quasiperiodic

• Floquet

• Thermal phase


• Exponentially diverging “Thouless time”2

• Spectral function  

• Localised critical point3

•  scaling theory4


• Random/Quasi-periodic/Hyper-uniform

• Scale free resonances5

• Maximal chaos6

S(ω) ∼ ω−1 ⋅ O(log1/2(ω))

ν = 1

| [H, τ̃z] | ∼ ωξ

1. Agarwal et al (2014), Gopalakrishnan et al (2015), Agarwal et al, Gopalakrishnan et al (2016), Bordia et al (2017), Schulz et al (2020), 2. Sels and Polkovnikov (2020), Lezama et 
al (2021), Tikhonov and Mirlin (2021), 3.Khemani et al (2017), 4. Kjäll et al (2014), Luitz et al (2015), 5. Villanlonga and Clark (2020), 6. Sels and Polkovnikov (2020)
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W = 10, J1-J2 model

arXiv:2012.14393

arXiv:2104.03312




Assumptions Resonance Model Predictions

• MBL


• Small systems


• No rare regions

• Model for eigenstates


• Instability of typical 
localised regions


• Pre-asymptotic scaling 
theory for the MBL-
thermal crossover

• Phenomenology of 
numerical crossover 


• Self consistently 
stable MBL
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