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If ⇣ > ⇣c = (ln 2)�1, the matrix element falls o↵ slower
than the level spacing and g � 1 for n � 1. This
leads to an “avalanche” process where the initial thermal
inclusion will be able to repeatably absorb l-bits and
grow until it thermalizes the whole system. We note
that this simple picture relies on the assumption that
the growing inclusion obeys ETH at all steps.45 This
avalanche process is supported by exact diagonalization
studies on toy models that incorporate ‘random-matrix-
type’ inclusions;47,48 however it remains to be tested for
fully microscopic lattice models.

We emphasize that the growth of ETH bubbles by ab-
sorbing spins is controlled by the e↵ective interaction
matrix elements of these resonances, which have to be
carefully considered. Tracking the evolution of the e↵ec-
tive coupling strengths and the degree of instability to
thermalization at long distances is the purview of RG
methods, to which we now turn.

B. Kosterlitz-Thouless scaling

We now argue that the basic ingredients of the
avalanche discussed above give rise to a Kosterlitz-
Thouless scaling at the MBL transition, with minimal
additional assumptions. Already implicit in the avalanche
discussion is a degree of coarse graining, due to the pres-
ence of fully thermal regions at intermediate scales that
arise out of microscopic configurations. We shall proceed
with this picture, which we emphasize is not tied to any
specific model, and will comment further on its validity
below.

Given the presence of thermal regions that grow to
drive the delocalization transition, it is natural to work
with variables that capture the distributions of individual
locally thermal blocks and their e↵ectiveness in thermal-
izing neighboring regions. First, we identify the average
density of thermal blocks ⇢(`) as a scaling variable. Here
⇤ = ⇤0e

�` is the RG scale at which we are probing the
system and ⇤0 ⇠ 1/a is the cuto↵ scale set by the lattice
spacing a. As the second scaling variable, we identify the
length scale ⇣(`) that governs the e↵ective matrix element
�(`) ⇠ e

�x/⇣(`) at a distance x from the boundary of a
thermal block. These scaling variables control the distri-
butions of physical observables, that are themselves broad
at criticality due to the strong randomness inherent to
the MBL transition.

It remains to deduce the RG equations that describe
how ⇢, ⇣, transform as the RG flows to longer length
scales. Following the avalanche scenario outlined above,
we first demand that at any scale, the density of thermal
regions ⇢ increases (decreases) under the RG if the typical
localization length ⇣ at that scale is larger (smaller) than
some critical value ⇣c, corresponding to the onset (ab-
sence) of avalanche processes. The simplest flow equation
consistent with this is

d⇢

d`
= b⇢ (⇣ � ⇣c) + . . . , (2)
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Figure 2. Kosterlitz-Thouless RG flow obtained by integrat-
ing Eqs. (2) and (3). The MBL phase corresponds to a line
of fixed points with ⇢ = 0 for ⇣ < ⇣c. For ⇣ > ⇣c even an in-
finitesimally small bare density of resonances grows under RG,
driving the flow to the thermal phase. The dotted line denote
a schematic line of microscopic parameters, tuned e.g. by de-
creasing disorder strength W . Note that many RG trajectories
initially approach the MBL fixed line even if they eventually
flow to the thermal phase; this non-monotonicity naturally
explains why numerical simulations often overestimate the
extent of the MBL phase.

where b ⇠ O(1) is a positive constant, and ellipsis denote
higher order terms in ⇢ and (⇣ � ⇣c). In RG language,
Eq. (2) indicates that thermal resonances are relevant if
⇣ > ⇣c; they proliferate even when they are asymptotically
rare. Accordingly, we set ⇣

�1
c = ln 2.32

Next, we consider the e↵ect of the resonant regions on
the matrix elements. Intuitively, ⇣ should be renormalized
by thermal spots, and must grow under coarse-graining.
Thermal inclusions can ‘shortcut’ the exponential decay of
matrix elements in the MBL phase, leading to an e↵ective
localization length ⇣ that is larger than the microscopic
one. To leading order, the simplest RG equation consis-
tent with this reads

d⇣
�1

d`
= �c⇢⇣

�1 + . . . , (3)

where c is a positive constant, and we assumed that ⇣

is not renormalized in the absence of thermal regions
(⇢ = 0). A similar equation can be derived from the ‘law
of halted decay’ of Ref. 32.

Equations (2) and (3) yield RG flows of the Kosterlitz-
Thouless form (Fig. 2), whose physical interpretation
we now discuss. For ⇣

�1
> ⇣

�1
c , these RG equations

admit a line of stable fixed points corresponding to the
MBL phase, where the e↵ective density of the thermal
regions vanishes at long wavelengths, i.e. ⇢1 ⌘ ⇢(` !

1) ! 0. Points along this line may be parameterized
by the fixed-point value of the typical localization length
⇣1 = ⇣(` ! 1). For ⇣

�1
< ⇣

�1
c , ⇢ is relevant and

flows to infinity, indicating the proliferation of thermal
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finite-size e↵ects, limiting their reliability to deep inside
the phases, where correlation lengths are short.

In light of these challenges, theoretical e↵orts have fo-
cused on phenomenological approaches that abandon a
microscopically faithful treatment in favor of a coarse-
grained description.29–35 These approaches were designed
to identify the physical mechanism that drives the tran-
sition and build an e↵ective model which could then be
solved numerically for large system sizes. Nonetheless,
both the choice of a consistent model and the interpreta-
tion of its results in the context of the MBL transition
have presented challenges. Despite being based on the
same philosophy of coarse graining many-body resonances
in a strong disorder approach, various proposed renor-
malization group (RG) approaches di↵er significantly in
their procedures and their link to the microscopic physics.
Thus, a consistent picture of the critical point is missing.

In this paper, we formulate a unifying scaling theory
for the MBL transition that has a Kosterlitz-Thouless
form. We show that the basic features of KT scaling
emerge from a phenomenological description of the pro-
liferation of ‘quantum avalanches’45 that drive the MBL
transition. As such, this picture is independent of any
specific microscopic model. Specifically, we show that the
avalanche process combined with a natural choice of scal-
ing variables immediately leads to KT critical behavior.
The KT picture implies that the MBL critical point is
the terminus of a line of RG fixed points characterized
by an exactly marginal scaling variable. We discuss how
this picture resolves many shortcomings of previous de-
scriptions. However, it also raises questions about the
physics beyond avalanches in the MBL phase away from
the transition. Thus, in Section III, we propose two dis-
tinct scenarios for the MBL phase distinguished by how
the KT scaling is linked to a Gri�ths description of the
fractal rare thermal regions.

Several numerically tractable e↵ective models have been
previously proposed as a route to accessing scaling proper-
ties of the MBL transition. These include models designed
to capture quantum avalanche processes,31,33 as well as
ones where avalanches were not an apparent feature.29

However, the transitions studied in those works were not
identified as KT-like; this is perhaps unsurprising in light
of the notorious di�culties in observing KT scaling even
in classical equilibrium models. In light of the KT pic-
ture, we now revisit two of these models, in both cases
dramatically increasing the available statistics or system
sizes compared to previous studies. In Section IV, we re-
consider the cluster RG of Ref. 31, referred to as ‘DVP’ in
what follows. By analysing thermal distributions that are
a direct output of this scheme we find an algebraic struc-
ture of thermal resonances in the MBL phase – strong
evidence for the KT flow. In Section V, we implement
the block RG of Ref. 29, referred to as ‘VHA’ in the
following, and also find results consistent with the KT
picture. We comment on how the results of Sections IV
and V may be accommodated within the two scenarios
proposed in Section III. Finally, we close in Section VI

with a summary of our main results and an overview of
new directions in the study of MBL transitions opened
by the present work.

II. PHENOMENOLOGICAL ARGUMENT FOR
KOSTERLITZ-THOULESS SCALING

A. Many-body delocalization via quantum
avalanches

Assuming a direct transition between the MBL and
delocalized phases, at the transition, eigenstates undergo
a complete rearrangement as the entanglement jumps
abruptly from area-law to volume-law.29–31,39,46 This is
quite unlike conventional critical points, which are driven
by fluctuations of a locally defined order parameter. Nu-
merical studies of the transition show strong asymmetry:
a strongly resonant thermal block can thermalize a local-
ized region far more e↵ectively than a localized region
can arrest the growth of the thermal block.47

The asymmetry between thermalization and localiza-
tion was formulated as an ‘avalanche’ process that we
briefly review following Ref. 45. Imagine a rare thermal
region of n0 spins (a ‘bubble’) in an otherwise localized
spin-1/2 chain. Such a rare thermal inclusion is unavoid-
able in a generic system, with uncorrelated disorder. It
will act as a small bath and will increase its size by ther-
malizing spins peripheral to it. Let us assume that the
bubble has absorbed a number n � 1 of l-bits to grow to
a new size n0 +n, but is still described by random matrix
theory and thus remains featureless. Further growth of
the bubble depends on the matrix element for flipping an
l-bit at distance n/2 from the new edge (see Fig. 1). This
is asymptotically given by � ⇠ e

�n/(2⇣)
/
p

2n0+n, where
2n0+n is the dimension of the bubble Hilbert space and
⇣ characterizes the exponential decay of typical matrix
elements with distance. This matrix element should be
compared to the level spacing of the bubble � ⇠ 2�(n0+n):

g =
�

�
⇠ exp

✓
�

n

2⇣
+

ln 2

2
(n + n0)

◆
. (1)

n0
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Figure 1. Quantum Avalanche.45 A thermal inclusion initially
consisting of n0 spins (red region) is in contact with a set of
l-bits (arrows). The inclusion thermalizes n l-bits (red arrows)
and thereby expands to a size n0 + n (yellow region) while
retaining its featureless ETH character. The e↵ective matrix
element to add the (n + 1)th l-bit decays exponentially from
the boundary of the original inclusion.
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If ⇣ > ⇣c = (ln 2)�1, the matrix element falls o↵ slower
than the level spacing and g � 1 for n � 1. This
leads to an “avalanche” process where the initial thermal
inclusion will be able to repeatably absorb l-bits and
grow until it thermalizes the whole system. We note
that this simple picture relies on the assumption that
the growing inclusion obeys ETH at all steps.45 This
avalanche process is supported by exact diagonalization
studies on toy models that incorporate ‘random-matrix-
type’ inclusions;47,48 however it remains to be tested for
fully microscopic lattice models.

We emphasize that the growth of ETH bubbles by ab-
sorbing spins is controlled by the e↵ective interaction
matrix elements of these resonances, which have to be
carefully considered. Tracking the evolution of the e↵ec-
tive coupling strengths and the degree of instability to
thermalization at long distances is the purview of RG
methods, to which we now turn.

B. Kosterlitz-Thouless scaling

We now argue that the basic ingredients of the
avalanche discussed above give rise to a Kosterlitz-
Thouless scaling at the MBL transition, with minimal
additional assumptions. Already implicit in the avalanche
discussion is a degree of coarse graining, due to the pres-
ence of fully thermal regions at intermediate scales that
arise out of microscopic configurations. We shall proceed
with this picture, which we emphasize is not tied to any
specific model, and will comment further on its validity
below.

Given the presence of thermal regions that grow to
drive the delocalization transition, it is natural to work
with variables that capture the distributions of individual
locally thermal blocks and their e↵ectiveness in thermal-
izing neighboring regions. First, we identify the average
density of thermal blocks ⇢(`) as a scaling variable. Here
⇤ = ⇤0e

�` is the RG scale at which we are probing the
system and ⇤0 ⇠ 1/a is the cuto↵ scale set by the lattice
spacing a. As the second scaling variable, we identify the
length scale ⇣(`) that governs the e↵ective matrix element
�(`) ⇠ e

�x/⇣(`) at a distance x from the boundary of a
thermal block. These scaling variables control the distri-
butions of physical observables, that are themselves broad
at criticality due to the strong randomness inherent to
the MBL transition.

It remains to deduce the RG equations that describe
how ⇢, ⇣, transform as the RG flows to longer length
scales. Following the avalanche scenario outlined above,
we first demand that at any scale, the density of thermal
regions ⇢ increases (decreases) under the RG if the typical
localization length ⇣ at that scale is larger (smaller) than
some critical value ⇣c, corresponding to the onset (ab-
sence) of avalanche processes. The simplest flow equation
consistent with this is

d⇢

d`
= b⇢ (⇣ � ⇣c) + . . . , (2)
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Figure 2. Kosterlitz-Thouless RG flow obtained by integrat-
ing Eqs. (2) and (3). The MBL phase corresponds to a line
of fixed points with ⇢ = 0 for ⇣ < ⇣c. For ⇣ > ⇣c even an in-
finitesimally small bare density of resonances grows under RG,
driving the flow to the thermal phase. The dotted line denote
a schematic line of microscopic parameters, tuned e.g. by de-
creasing disorder strength W . Note that many RG trajectories
initially approach the MBL fixed line even if they eventually
flow to the thermal phase; this non-monotonicity naturally
explains why numerical simulations often overestimate the
extent of the MBL phase.

where b ⇠ O(1) is a positive constant, and ellipsis denote
higher order terms in ⇢ and (⇣ � ⇣c). In RG language,
Eq. (2) indicates that thermal resonances are relevant if
⇣ > ⇣c; they proliferate even when they are asymptotically
rare. Accordingly, we set ⇣

�1
c = ln 2.32

Next, we consider the e↵ect of the resonant regions on
the matrix elements. Intuitively, ⇣ should be renormalized
by thermal spots, and must grow under coarse-graining.
Thermal inclusions can ‘shortcut’ the exponential decay of
matrix elements in the MBL phase, leading to an e↵ective
localization length ⇣ that is larger than the microscopic
one. To leading order, the simplest RG equation consis-
tent with this reads

d⇣
�1

d`
= �c⇢⇣

�1 + . . . , (3)

where c is a positive constant, and we assumed that ⇣

is not renormalized in the absence of thermal regions
(⇢ = 0). A similar equation can be derived from the ‘law
of halted decay’ of Ref. 32.

Equations (2) and (3) yield RG flows of the Kosterlitz-
Thouless form (Fig. 2), whose physical interpretation
we now discuss. For ⇣

�1
> ⇣

�1
c , these RG equations

admit a line of stable fixed points corresponding to the
MBL phase, where the e↵ective density of the thermal
regions vanishes at long wavelengths, i.e. ⇢1 ⌘ ⇢(` !

1) ! 0. Points along this line may be parameterized
by the fixed-point value of the typical localization length
⇣1 = ⇣(` ! 1). For ⇣

�1
< ⇣

�1
c , ⇢ is relevant and

flows to infinity, indicating the proliferation of thermal
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• MBL “transition” observed in ED likely has nothing to do with the “real” 
transition 

• Avalanche instability as a believable instability driving the transition  

• Leads to an appealing (?) “KT-like” picture of the transition 

• Harris/CCFS/CLO bounds, some observables indicate large Wc 
• big chunk of the observed MBL phase is actually thermal

 Thiery, Huveneers, Muller & De Roeck, PRL ‘18 



Quasiperiodic MBLT

• Obvious motivation from cold atom experiments

• Different phenomenology? No rare regions? No avalanches? Small sample-to-
sample fluctuations… 

Two universality classes for the many-body localization transition

Vedika Khemani,1 D. N. Sheng,2 and David A. Huse3
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We provide a systematic comparison of the many-body localization transition in spin chains with
nonrandom quasiperiodic vs. random fields. We find evidence suggesting that these belong to two
separate universality classes: the first dominated by “intrinsic” intra-sample randomness, and the
second dominated by external inter -sample quenched randomness. We show that the e↵ects of
inter-sample quenched randomness are strongly growing, but not yet dominant, at the system sizes
probed by exact-diagonalization studies on random models. Thus, the observed finite-size critical
scaling collapses in such studies appear to be in a preasymptotic regime near the nonrandom univer-
sality class, but showing signs of the initial crossover towards the external-randomness-dominated
universality class. Our results provide an explanation for why exact-diagonalization studies on ran-
dom models both see an apparent scaling near the transition while also obtaining finite-size scaling
exponents that strongly violate Harris/Chayes bounds that apply to disorder-driven transitions. We
also show that the MBL phase is more stable for the quasiperiodic model as compared to the random
one, and the transition in the quasiperiodic model su↵ers less from certain finite-size e↵ects.

Many-body localization (MBL) generalizes the phe-
nomenon of Anderson localization to the interacting set-
ting [1–6]. The dynamics in an MBL system fails to es-
tablish local thermal equilibrium, and even highly ex-
cited states can retain local memory of their initial con-
ditions for arbitrarily late times. The transition between
an MBL phase and a “thermalizing” one is not a ther-
modynamic phase transition and lies outside the frame-
work of equilibrium statistical mechanics. Instead it is a
novel eigenstate phase transition [7, 8] across which ther-
mal and “volume-law” entangled many-body eigenstates
obeying the eigenstate thermalization hypothesis (ETH)
[9–11] change in a singular way to non-thermal and area-
law entangled eigenstates in the MBL phase.

Although the MBL transition has attracted much re-
cent interest [12–29], very little is definitively known
about its properties. Phenomenological renormalization
group (RG) treatments of the transition are approximate
but can probe large system sizes, and such studies [26–
29] find a continuous transition in one dimension with a
finite-size critical scaling exponent ⌫FS ⇠ 3 satisfying rig-
orous Harris/CCFS/CLO scaling bounds [30–32] which
require ⌫FS � 2/d for transitions in d dimensions in the
presence of quenched randomness. On the other hand,
most other studies of the transition use numerical exact
diagonalization (ED) of spin-chains which is limited to
system sizes L  22. These ED studies observe an ap-
parent scaling collapse near the transition, but with scal-
ing exponents ⌫FS ⇠ 1 violating the CCFS/CLO bound
[12, 13]. Strikingly, some aspects of this transition even
look first-order-like in that quantities like the eigenstate
entanglement entropy (EE) of small subsystems can vary
discontinuously across the transition [25, 29].

A sensitive probe of the MBL transition is the stan-
dard deviation of the half-chain EE, �S , which peaks at
the transition as the eigenstates change from area law to

Thermal

Detuning
Non-Random
Fixed Point

�

MBL

External
Randomness

0

Infinite Randomness
Fixed Point (⌫ > 2/d)

FIG. 1. Schematic RG flow for a one dimensional sys-
tem displaying an MBL transition. In the absence of ex-
ternal randomness, the critical fixed point is dominated by
“intrinsic” intra-sample variations and is not constrained by
Harris/Chayes bounds (pink star). The addition of external
quenched randomness is a Harris-relevant perturbation which
causes the nonrandom fixed point to flow towards an “infi-
nite randomness” disorder dominated fixed point (blue star).
The “detuning” parameter quantifies the ratio of o↵-diagonal
to diagonal couplings in the most local basis for the coarse
grained model. The MBL phase is more stable in the nonran-
dom model and thus the critical flow is towards higher detun-
ing. We propose that the e↵ects of external randomness are
not yet fully apparent at the sizes probed by ED studies, and
the transition in these systems is mostly still governed by the
nonrandom fixed point while beginning to crossover towards
the random fixed point (shaded oval).

volume law entangled [12]. A careful parsing of�S across
inter- and intra- sample contributions near the transition
reveals two notable features [25]: (i) a sizeable volume-
law scaling for �S across eigenstates of the same sample,
a property that none of the RG treatments capture and,
(ii) a super-linear growth with L for the sample-to-sample
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FIG. 4. Finite-size critical scaling collapse for S (a,b), and
�states

S (c, d) data in the quasiperiodic and random models.
We see that ⌫ ⇠ 1 for both models, again suggesting that
the transition in both models is mostly governed by the same
nonrandom fixed point at these sizes. This exponent is in
violation of CCFS/CLO bounds which must asymptotically
constrain the random model - note that ⌫ is slightly larger
for the random model consistent with the suggestion that the
e↵ects of quenched randomness are growing but not yet fully
apparent at these sizes. The critical Wc is larger in the ran-
dom model.

entanglement properties, and sample-to-sample fluctua-
tions are not the dominant source of the finite-size critical
rounding in the quasiperiodic model at these sizes.

By contrast, in the random model, the peak value of
�samples

S /ST grows strongly with L which naively indi-

cates that �samples
S scales super-linearly with L (Fig. 3d),

a trend that is not sustainable in the asymptotic large
L limit. This indicates that e↵ects of inter-sample
quenched randomness are not yet fully manifest but
growing strongly at these small sizes. In RG terms, we
interpret this as an indication of an RG flow, due to the
external randomness, that is away from the fixed point
that governs the nonrandom quasiperiodic model and is
towards the infinite-randomness Harris/Chayes obeying
fixed point that will asymptotically govern the transition
for this random model (c.f. Fig. 1).
Two universality classes: We now turn to the finite-
size critical scaling properties of the MBL transition in
the two models. Figure 4 shows scaling collapse for S/ST

and �states
S /ST , where both quantities are fit to a form

g[(W �Wc)L1/⌫ ], where Wc denotes the critical disorder
strength and ⌫ is the finite-size scaling exponent.

We see a scaling collapse in the quasiperiodic model
with Wc ⇠ 4.25 and ⌫ ⇠ 1 (Fig 4 a,c). First, note
that quasiperiodic models without quenched randomness
are not subject to the CCFS/CLO bound which require
⌫ � 2/d. Instead, such models fall under the purview of
the Harris-Luck criterion [38] which imposes the weaker
bound ⌫ � 1/d [39]. The observed scaling exponents
are certainly already quite close to obeying this bound,
considering the small sizes studied. This, combined with

our observations of finite-size drifts in the discussion sur-
rounding Fig 2, suggests that the critical behavior in
the quasiperiodic model might be close to its asymptotic
large-L form even at these sizes. If the scaling expo-
nent continues to be ⌫ ⇠ 1 even in the asymptotic limit,
then it is clear that the MBL transition in quasiperiodic
models belongs to a di↵erent universality class from the
transition in models with quenched randomness which
must obey the CCFS/CLO bound—this would make the
external randomness Harris-relevant when added to the
quasiperiodic model (c.f. Fig 1).
It is an interesting curiosity that the non-interacting

Aubry-Andre transition also has ⌫ = 1, so one might
be tempted to believe that the critical properties of the
interacting quasiperiodic transition belong to the same
universality class as the non-interacting one. However, a
careful analysis (not shown) reveals that properties like
the volume law scaling of �states

S across the many-body
eigenstates are absent in the non-interacting model.
Turning to the random model, we see a scaling col-

lapse with a larger critical disorder strength Wc ⇠ 5.5
(Fig 4 b,d) which is consistent with the presence of rare
Gri�ths e↵ects in the random model which can aid with
thermalization. The scaling exponent ⌫ ⇠ 1 confirms
our earlier observation that the transition in the ran-
dom model looks in many respects like it belongs to the
quasiperiodic universality class at these sizes which are
too small to feel the full e↵ects of the quenched random-
ness. Also note that the scaling exponent is consistently
slightly larger for the random model as compared to the
quasiperiodic one, which is congruent with the theory
that the random model is “en-route” to crossing over to
a di↵erent disorder dominated scaling regime with ⌫ � 2
at larger system sizes.
Summary and outlook: We systematically examined
the MBL transition in random and quasiperiodic models,
and found that the MBL phase is stable down to a smaller
disorder strength in the quasiperiodic case. Moreover,
finite-size scaling analysis near the transition strongly
suggests that the quasiperiodic model asymptotically be-
longs to a di↵erent universality class from the random
one. We find scaling exponents ⌫ ⇠ 1 for both models;
however while this exponent may be close to its asymp-
totic value for the quasiperiodic model (and in agreement
with the Harris-Luck bound), we know that the asymp-
totic scaling exponent in the disordered model must sat-
isfy ⌫ � 2/d because the width of the finite-size scaling
window is constrained to be greater than ⇠ L

�d/2 due
to sample-to-sample fluctuations from the quenched ran-
domness. Indeed, the sample-to-sample standard devia-
tion of the entanglement entropy in the random model
clearly shows that the e↵ects of randomness are not fully
apparent, but growing strongly, at the sizes studied, and
many critical properties of the random models at these
sizes look similar to those of quasiperiodic models. In RG
terms, the transition in both the random and quasiperi-

• More accessible to ED numerics? Simple-minded QP RGs give ⌫ = 1
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(a) (b) (c)

(d) (e) (f)

FIG. 1. (a) Evolution of the fraction f2 of the weight of the time-averaged operator Ō that comes from fermion bilinears, vs.
QP potential h. The solid lines are the average over the phase o↵set � and the “violin” shapes indicate the distribution over
�. (b) Subtracted norm Nsub of Ō vs. h, where the subtracted operator is defined by projecting out hydrodynamic modes,
eq. (6). Note the crossing at h ⇡ 4. Inset shows the evolution of Nsub with system size, indicating an instability that sets in
as the system size is increased, even for h = 3.5 where previous studies have seen an MBL phase. (c) Two-body component of
the subtracted operator, defined in Eq. (7); once again, this shows a crossing that is consistent with a discontinuous jump at
the MBL transition. (d) Quality of the finite-size scaling collapse of the curves in (b, c) as a function of the chosen collapse
parameters hc, ⌫. The yellow dot marks the minimum of the cost function; by eye, the best collapse is for slightly di↵erent
parameters (green dot) [these collapses are shown in panels (e) and (f)]. The transition seen in level statistics is marked by the
red dot; our data are clearly inconsistent with these values. For all figures, averaging was performed over 200 phases equally
spaced in the interval [0, 2⇡). The color scheme for di↵erent system sizes is shared for figures (b), (c), (e) and (f).

ent critical exponents, than previously expected. This
transition has notable similarities to the random case: in
particular, the LIOMs slightly on the MBL side of the
transition are tightly localized. Thus, as in the random
case, it seems that the QP-MBL transition is an instabil-
ity of the localized phase, which sets in at some critical
value of the localization length. The microscopic origin
of this instability remains unclear.

Model.– We consider the following model,

H =
L�1X

i=1

�x

i
�x

i+1 + �y

i
�y

i+1 + V �z

i
�z

i+1 +
LX

i=1

hi�
z

i
, (1)

where �x,y,z denote the Pauli matrices and hi =
h cos(2⇡/'(i � L/2) + �) where ' = 1+

p
5

2 and � is
a phase o↵set that we tune to translate our window.
When V = 0, this is the noninteracting Aubry-André
model which has localized eigenstates for h > 2 and
extended eigenstates for h < 2. At nonzero V , finite
size exact-diagonalization studies [63–65] of the average
eigenstate entanglement and level statistics ratio have
found an MBL transition at hc ⇡ 3 with a critical ex-
ponent ⌫ ⇠ 1. (However, studies on longer spin-chains
using the time-dependent variational principle have seen

a larger critical point, consistent with ours [68].) In this
letter we set V = 1/2.

Following [15], we construct LIOMs for this model by
time averaging a local operator O, which we choose to be
�z

L/2. The time average of O is given by

Ō ⌘ lim
T!1

1

T

Z
T

0
dt O(t) =

X

E

hE|O|Ei|EihE|, (2)

where |Ei are eigenstates of H. In the MBL phase, we
expect Ō to be an approximately local operator with ex-
ponential tails, i.e., we expect there is some operator On

with support on n sites such that kO � Onk  e�n/⇠

where ⇠ is a characteristic localization length. In the
ergodic phase, the time average instead produces a non-
local integral of motion, predominately the projection of
O onto conserved charges. We construct Ō by full exact
diagonalization, using Eq. (2). We explore finite-time av-
erages, performed using exact diagonalization as well as
matrix-product methods, in [75].

Fermion weights.— We analyze the LIOMs by expand-
ing them in a basis of n-fermion operators. These are
related to the Pauli operators by a Jordan-Wigner trans-
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FIG. 1. (a) Evolution of the fraction f2 of the weight of the time-averaged operator Ō that comes from fermion bilinears, vs.
QP potential h. The solid lines are the average over the phase o↵set � and the “violin” shapes indicate the distribution over
�. (b) Subtracted norm Nsub of Ō vs. h, where the subtracted operator is defined by projecting out hydrodynamic modes,
eq. (6). Note the crossing at h ⇡ 4. Inset shows the evolution of Nsub with system size, indicating an instability that sets in
as the system size is increased, even for h = 3.5 where previous studies have seen an MBL phase. (c) Two-body component of
the subtracted operator, defined in Eq. (7); once again, this shows a crossing that is consistent with a discontinuous jump at
the MBL transition. (d) Quality of the finite-size scaling collapse of the curves in (b, c) as a function of the chosen collapse
parameters hc, ⌫. The yellow dot marks the minimum of the cost function; by eye, the best collapse is for slightly di↵erent
parameters (green dot) [these collapses are shown in panels (e) and (f)]. The transition seen in level statistics is marked by the
red dot; our data are clearly inconsistent with these values. For all figures, averaging was performed over 200 phases equally
spaced in the interval [0, 2⇡). The color scheme for di↵erent system sizes is shared for figures (b), (c), (e) and (f).

ent critical exponents, than previously expected. This
transition has notable similarities to the random case: in
particular, the LIOMs slightly on the MBL side of the
transition are tightly localized. Thus, as in the random
case, it seems that the QP-MBL transition is an instabil-
ity of the localized phase, which sets in at some critical
value of the localization length. The microscopic origin
of this instability remains unclear.

Model.– We consider the following model,

H =
L�1X

i=1
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where �x,y,z denote the Pauli matrices and hi =
h cos(2⇡/'(i � L/2) + �) where ' = 1+

p
5

2 and � is
a phase o↵set that we tune to translate our window.
When V = 0, this is the noninteracting Aubry-André
model which has localized eigenstates for h > 2 and
extended eigenstates for h < 2. At nonzero V , finite
size exact-diagonalization studies [63–65] of the average
eigenstate entanglement and level statistics ratio have
found an MBL transition at hc ⇡ 3 with a critical ex-
ponent ⌫ ⇠ 1. (However, studies on longer spin-chains
using the time-dependent variational principle have seen

a larger critical point, consistent with ours [68].) In this
letter we set V = 1/2.

Following [15], we construct LIOMs for this model by
time averaging a local operator O, which we choose to be
�z

L/2. The time average of O is given by

Ō ⌘ lim
T!1

1

T

Z
T

0
dt O(t) =

X

E

hE|O|Ei|EihE|, (2)

where |Ei are eigenstates of H. In the MBL phase, we
expect Ō to be an approximately local operator with ex-
ponential tails, i.e., we expect there is some operator On

with support on n sites such that kO � Onk  e�n/⇠

where ⇠ is a characteristic localization length. In the
ergodic phase, the time average instead produces a non-
local integral of motion, predominately the projection of
O onto conserved charges. We construct Ō by full exact
diagonalization, using Eq. (2). We explore finite-time av-
erages, performed using exact diagonalization as well as
matrix-product methods, in [75].

Fermion weights.— We analyze the LIOMs by expand-
ing them in a basis of n-fermion operators. These are
related to the Pauli operators by a Jordan-Wigner trans-
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FIG. 1. (a) Evolution of the fraction f2 of the weight of the time-averaged operator Ō that comes from fermion bilinears, vs.
QP potential h. The solid lines are the average over the phase o↵set � and the “violin” shapes indicate the distribution over
�. (b) Subtracted norm Nsub of Ō vs. h, where the subtracted operator is defined by projecting out hydrodynamic modes,
eq. (6). Note the crossing at h ⇡ 4. Inset shows the evolution of Nsub with system size, indicating an instability that sets in
as the system size is increased, even for h = 3.5 where previous studies have seen an MBL phase. (c) Two-body component of
the subtracted operator, defined in Eq. (7); once again, this shows a crossing that is consistent with a discontinuous jump at
the MBL transition. (d) Quality of the finite-size scaling collapse of the curves in (b, c) as a function of the chosen collapse
parameters hc, ⌫. The yellow dot marks the minimum of the cost function; by eye, the best collapse is for slightly di↵erent
parameters (green dot) [these collapses are shown in panels (e) and (f)]. The transition seen in level statistics is marked by the
red dot; our data are clearly inconsistent with these values. For all figures, averaging was performed over 200 phases equally
spaced in the interval [0, 2⇡). The color scheme for di↵erent system sizes is shared for figures (b), (c), (e) and (f).

ent critical exponents, than previously expected. This
transition has notable similarities to the random case: in
particular, the LIOMs slightly on the MBL side of the
transition are tightly localized. Thus, as in the random
case, it seems that the QP-MBL transition is an instabil-
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i
, (1)
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h cos(2⇡/'(i � L/2) + �) where ' = 1+

p
5

2 and � is
a phase o↵set that we tune to translate our window.
When V = 0, this is the noninteracting Aubry-André
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where |Ei are eigenstates of H. In the MBL phase, we
expect Ō to be an approximately local operator with ex-
ponential tails, i.e., we expect there is some operator On

with support on n sites such that kO � Onk  e�n/⇠

where ⇠ is a characteristic localization length. In the
ergodic phase, the time average instead produces a non-
local integral of motion, predominately the projection of
O onto conserved charges. We construct Ō by full exact
diagonalization, using Eq. (2). We explore finite-time av-
erages, performed using exact diagonalization as well as
matrix-product methods, in [75].

Fermion weights.— We analyze the LIOMs by expand-
ing them in a basis of n-fermion operators. These are
related to the Pauli operators by a Jordan-Wigner trans-
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Free fermion weights 3

formation, and evidently form a complete basis:

Ō =
X

↵

c↵w↵1
1 w↵2

2 · · · w↵2L
2L , (3)

where {wi, wj} = 2�ij are Majorana fermions. In what
follows we will focus on two quantities: the Frobenius
norm of the operator, N ⌘ Tr(Ō2), and its two-body
weight f2, defined by

f2 =
1

N
X

|↵|=2

|c↵|2, N =
X

↵

|c↵|2. (4)

We can also define four- and six-body weights accord-
ingly. As f2 is 1 for quadratic fermion operators, 1�f2 =
f4 + f6 + . . . measures the many-body content of the op-
erator. (These weights can be e�ciently computed us-
ing matrix-product operator methods; we outline these
methods and present results on the weights fn with n > 2
in [75].) Note that N and f2 probe complementary as-
pects of the time evolution: N addresses how much of
the initial-state information survives in the time aver-
age, while f2 addresses what fraction of this information
is encoded in “simple” (i.e., few-body) operators.

Hydrodynamic modes.— Fig. 1(a) shows the average
and distribution of f2. As we might expect, f2 ap-
proaches 1 and we also find that N is of order unity
in the MBL phase, since in this phase the LIOMs are
approximately single-site occupation numbers. Less ob-
viously, f2 also approaches 1 deep in the thermal phase
(although N , not shown, goes to zero with system size).
One can understand this as follows. The operator O = Zi

has some overlap with the total conserved charge, I1 ⌘P
i
Zi, which is conserved (and is a two-fermion opera-

tor), and also with the Hamiltonian I2 = H (which con-
tains two- and four-point operators). More generally, in
a system of size L, there are 2L nonlocal conserved oper-
ators, i.e., projectors onto eigenstates, while the operator
Hilbert space is 4L-dimensional. Since the operator O at
late times under chaotic dynamics is essentially random,
its projection onto the conserved eigenstates would be ex-
ponentially small in L if it were not for local conservation
laws. Neglecting these exponentially small components,
one can write Ō in the thermal phase as its projection
onto hydrodynamic modes using the (super)projector

P =
X

l,k=1,2

|IkiiC�1
kl

hhIl|, (5)

where I1 =
P

i
Zi and I2 = H the conserved charges,

acting on a Hilbert space H, are now viewed as states
on the doubled Hilbert space H ⌦ H, and Ckl = hhIk|Ilii
the susceptibility matrix with hhA|Bii ⌘ 2�Ltr(A†B).
Since H and Q are both composed of two- and four-
body operators, f2 remains of order unity throughout
the thermal phase.

Since the hydrodynamic modes exist on both sides of
the transition and the projection of an operator onto

these modes is a property of the t = 0 operator that
is insensitive to critical properties, we subtract the pro-
jection onto this hydrodynamic subspace and define the
“subtracted operator”

Ōsub ⌘ Ō � P(O)

kO � P(O)k . (6)

The denominator in Eq. (6) corrects for the fact that the
hydrodynamic projection of O smoothly increases with
increasing disorder, since the Hamiltonian is dominated
by single-site potential terms. (Empirically, we find that
not fixing the normalization of Ōsub leads to spurious
finite-size drifts in small-system numerics.) The norm
Nsub is defined as for the full operator. We also introduce
the subtracted two body component, f̃2sub, defined as

f̃2,sub ⌘
P

i<j
|tr(Ōsubwiwj)|2P

i<j
|tr(Osub(0)wiwj)|2

. (7)

The rationale behind this normalization is, once again,
to correct for the changes in the four-fermion weight of
the subtracted operator as a function of h.
Results.—Our results are summarized in Fig. 1.

Fig. 1(a) shows the two-body weight f2 of the full time-
averaged operator (which, as noted above, is always
O ⌘ �z

L/2); as we expect, this is non-monotonic because
it is dominated by hydrodynamic modes on the thermal
side of the transition and by single-site operators deep
on the MBL side of the transition. The sample-to-sample
(or, equivalently, site-to-site) fluctuations of this quantity
are large and size-independent deep in the MBL phase,
negligible deep in the thermal phase, and intermediate in
magnitude near the transition. Note that there is clear
finite-size drift of f2 for fields as large as h = 4, which
previous literature [63–65] has assumed to be deep in the
MBL phase.

We now turn to the properties of the subtracted op-
erator (6). Fig. 1(b) shows its norm, which decreases
with system size in the thermal phase but saturates in
the MBL phase. The decrease in the thermal phase is
consistent with an exponential [75], which is what we
would expect since we projected out hydrodynamic con-
tributions. Similarly, the subtracted two-body compo-
nent f̃2,sub decreases continuously in the thermal phase
and saturates in the MBL phase: this is, again, expected
since the residual finite-size contributions to Ōsub in the
thermal phase are highly nonlocal and have negligible
two-body components.

While both quantities vanish identically in the ther-
modynamic limit throughout the thermal phase, it is not
a priori obvious whether they should rise continuously
from zero or jump discontinuously at the MBL transi-
tion. Our numerical results strongly suggest the latter:
the curves for both Nsub and f2,sub vs. system size cross
in the interval h 2 (4, 4.5); moreover, the crossing shifts
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FIG. S2. Diagrams which construct the weighted finite automata for the (left) two body hamiltonian and (right) the four body
hamiltonian.

Using this diagrammatic notation and Eq. (S19), one finds that only two diagrams correspond to the two body
operators:

 ! Xj

k�1Y

i=j+1

ZiYk, Yj

k�1Y

i=j+1

ZiYk, Xj

k�1Y

i=j+1

ZiXk, Yj

k�1Y

i=j+1

ZiXk

 ! Zj .

This suggests the following interpretation: two vertical lines connected by a horizontal line contributes two fermion
operators and an ”X” contributes two fermion operators.One can now write down the diagrams for the four body
operators,

 ! two non-overlapping two body strings

 ! a single site Zj with a non-overlapping two body string

 ! two non-overlapping single site Zj

 ! a two body string broken by an insertion of a Zj .

The last diagram tells us that a circle contributes two fermion operators while a vertical line with a horizontal line
attached contributes one fermion operator. Accounting for the possible spatial orderings of the diagrams and the fact
that a vertical line can either be Xj or Yj , one arrives at the diagram that constructs the weighted finite automaton
shown in Fig. (S2).

The diagrams can be used to construct the matrices as shown in Ref. [S6]. Denoting W
�j�

0
j [j]

2/4 the matrices in the

Even on ED sizes, convenient to 
use matrix product operators 

(Sadly, TEBD not useful here,  
time scales are too long to 
converge)

(can clearly separate out interaction effects from nearby non-interacting transition)
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We can also define four- and six-body weights accord-
ingly. As f2 is 1 for quadratic fermion operators, 1�f2 =
f4 + f6 + . . . measures the many-body content of the op-
erator. (These weights can be e�ciently computed us-
ing matrix-product operator methods; we outline these
methods and present results on the weights fn with n > 2
in [75].) Note that N and f2 probe complementary as-
pects of the time evolution: N addresses how much of
the initial-state information survives in the time aver-
age, while f2 addresses what fraction of this information
is encoded in “simple” (i.e., few-body) operators.

Hydrodynamic modes.— Fig. 1(a) shows the average
and distribution of f2. As we might expect, f2 ap-
proaches 1 and we also find that N is of order unity
in the MBL phase, since in this phase the LIOMs are
approximately single-site occupation numbers. Less ob-
viously, f2 also approaches 1 deep in the thermal phase
(although N , not shown, goes to zero with system size).
One can understand this as follows. The operator O = Zi

has some overlap with the total conserved charge, I1 ⌘P
i
Zi, which is conserved (and is a two-fermion opera-

tor), and also with the Hamiltonian I2 = H (which con-
tains two- and four-point operators). More generally, in
a system of size L, there are 2L nonlocal conserved oper-
ators, i.e., projectors onto eigenstates, while the operator
Hilbert space is 4L-dimensional. Since the operator O at
late times under chaotic dynamics is essentially random,
its projection onto the conserved eigenstates would be ex-
ponentially small in L if it were not for local conservation
laws. Neglecting these exponentially small components,
one can write Ō in the thermal phase as its projection
onto hydrodynamic modes using the (super)projector

P =
X

l,k=1,2

|IkiiC�1
kl

hhIl|, (5)

where I1 =
P
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Zi and I2 = H the conserved charges,

acting on a Hilbert space H, are now viewed as states
on the doubled Hilbert space H ⌦ H, and Ckl = hhIk|Ilii
the susceptibility matrix with hhA|Bii ⌘ 2�Ltr(A†B).
Since H and Q are both composed of two- and four-
body operators, f2 remains of order unity throughout
the thermal phase.

Since the hydrodynamic modes exist on both sides of
the transition and the projection of an operator onto

these modes is a property of the t = 0 operator that
is insensitive to critical properties, we subtract the pro-
jection onto this hydrodynamic subspace and define the
“subtracted operator”

Ōsub ⌘ Ō � P(O)

kO � P(O)k . (6)

The denominator in Eq. (6) corrects for the fact that the
hydrodynamic projection of O smoothly increases with
increasing disorder, since the Hamiltonian is dominated
by single-site potential terms. (Empirically, we find that
not fixing the normalization of Ōsub leads to spurious
finite-size drifts in small-system numerics.) The norm
Nsub is defined as for the full operator. We also introduce
the subtracted two body component, f̃2sub, defined as

f̃2,sub ⌘
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i<j
|tr(Ōsubwiwj)|2P

i<j
|tr(Osub(0)wiwj)|2

. (7)

The rationale behind this normalization is, once again,
to correct for the changes in the four-fermion weight of
the subtracted operator as a function of h.
Results.—Our results are summarized in Fig. 1.

Fig. 1(a) shows the two-body weight f2 of the full time-
averaged operator (which, as noted above, is always
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L/2); as we expect, this is non-monotonic because
it is dominated by hydrodynamic modes on the thermal
side of the transition and by single-site operators deep
on the MBL side of the transition. The sample-to-sample
(or, equivalently, site-to-site) fluctuations of this quantity
are large and size-independent deep in the MBL phase,
negligible deep in the thermal phase, and intermediate in
magnitude near the transition. Note that there is clear
finite-size drift of f2 for fields as large as h = 4, which
previous literature [63–65] has assumed to be deep in the
MBL phase.

We now turn to the properties of the subtracted op-
erator (6). Fig. 1(b) shows its norm, which decreases
with system size in the thermal phase but saturates in
the MBL phase. The decrease in the thermal phase is
consistent with an exponential [75], which is what we
would expect since we projected out hydrodynamic con-
tributions. Similarly, the subtracted two-body compo-
nent f̃2,sub decreases continuously in the thermal phase
and saturates in the MBL phase: this is, again, expected
since the residual finite-size contributions to Ōsub in the
thermal phase are highly nonlocal and have negligible
two-body components.

While both quantities vanish identically in the ther-
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tion. Our numerical results strongly suggest the latter:
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the thermal phase.

Since the hydrodynamic modes exist on both sides of
the transition and the projection of an operator onto

these modes is a property of the t = 0 operator that
is insensitive to critical properties, we subtract the pro-
jection onto this hydrodynamic subspace and define the
“subtracted operator”

Ōsub ⌘ Ō � P(O)

kO � P(O)k . (6)

The denominator in Eq. (6) corrects for the fact that the
hydrodynamic projection of O smoothly increases with
increasing disorder, since the Hamiltonian is dominated
by single-site potential terms. (Empirically, we find that
not fixing the normalization of Ōsub leads to spurious
finite-size drifts in small-system numerics.) The norm
Nsub is defined as for the full operator. We also introduce
the subtracted two body component, f̃2sub, defined as

f̃2,sub ⌘
P

i<j
|tr(Ōsubwiwj)|2P

i<j
|tr(Osub(0)wiwj)|2

. (7)

The rationale behind this normalization is, once again,
to correct for the changes in the four-fermion weight of
the subtracted operator as a function of h.
Results.—Our results are summarized in Fig. 1.

Fig. 1(a) shows the two-body weight f2 of the full time-
averaged operator (which, as noted above, is always
O ⌘ �z

L/2); as we expect, this is non-monotonic because
it is dominated by hydrodynamic modes on the thermal
side of the transition and by single-site operators deep
on the MBL side of the transition. The sample-to-sample
(or, equivalently, site-to-site) fluctuations of this quantity
are large and size-independent deep in the MBL phase,
negligible deep in the thermal phase, and intermediate in
magnitude near the transition. Note that there is clear
finite-size drift of f2 for fields as large as h = 4, which
previous literature [63–65] has assumed to be deep in the
MBL phase.

We now turn to the properties of the subtracted op-
erator (6). Fig. 1(b) shows its norm, which decreases
with system size in the thermal phase but saturates in
the MBL phase. The decrease in the thermal phase is
consistent with an exponential [75], which is what we
would expect since we projected out hydrodynamic con-
tributions. Similarly, the subtracted two-body compo-
nent f̃2,sub decreases continuously in the thermal phase
and saturates in the MBL phase: this is, again, expected
since the residual finite-size contributions to Ōsub in the
thermal phase are highly nonlocal and have negligible
two-body components.

While both quantities vanish identically in the ther-
modynamic limit throughout the thermal phase, it is not
a priori obvious whether they should rise continuously
from zero or jump discontinuously at the MBL transi-
tion. Our numerical results strongly suggest the latter:
the curves for both Nsub and f2,sub vs. system size cross
in the interval h 2 (4, 4.5); moreover, the crossing shifts

Subtract off hydro modes:

Hydrodynamic projections
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FIG. 1. (a) Evolution of the fraction f2 of the weight of the time-averaged operator Ō that comes from fermion bilinears, vs.
QP potential h. The solid lines are the average over the phase o↵set � and the “violin” shapes indicate the distribution over
�. (b) Subtracted norm Nsub of Ō vs. h, where the subtracted operator is defined by projecting out hydrodynamic modes,
eq. (6). Note the crossing at h ⇡ 4. Inset shows the evolution of Nsub with system size, indicating an instability that sets in
as the system size is increased, even for h = 3.5 where previous studies have seen an MBL phase. (c) Two-body component of
the subtracted operator, defined in Eq. (7); once again, this shows a crossing that is consistent with a discontinuous jump at
the MBL transition. (d) Quality of the finite-size scaling collapse of the curves in (b, c) as a function of the chosen collapse
parameters hc, ⌫. The yellow dot marks the minimum of the cost function; by eye, the best collapse is for slightly di↵erent
parameters (green dot) [these collapses are shown in panels (e) and (f)]. The transition seen in level statistics is marked by the
red dot; our data are clearly inconsistent with these values. For all figures, averaging was performed over 200 phases equally
spaced in the interval [0, 2⇡). The color scheme for di↵erent system sizes is shared for figures (b), (c), (e) and (f).

ent critical exponents, than previously expected. This
transition has notable similarities to the random case: in
particular, the LIOMs slightly on the MBL side of the
transition are tightly localized. Thus, as in the random
case, it seems that the QP-MBL transition is an instabil-
ity of the localized phase, which sets in at some critical
value of the localization length. The microscopic origin
of this instability remains unclear.

Model.– We consider the following model,

H =
L�1X

i=1

�x

i
�x

i+1 + �y

i
�y

i+1 + V �z

i
�z

i+1 +
LX

i=1

hi�
z

i
, (1)

where �x,y,z denote the Pauli matrices and hi =
h cos(2⇡/'(i � L/2) + �) where ' = 1+

p
5

2 and � is
a phase o↵set that we tune to translate our window.
When V = 0, this is the noninteracting Aubry-André
model which has localized eigenstates for h > 2 and
extended eigenstates for h < 2. At nonzero V , finite
size exact-diagonalization studies [63–65] of the average
eigenstate entanglement and level statistics ratio have
found an MBL transition at hc ⇡ 3 with a critical ex-
ponent ⌫ ⇠ 1. (However, studies on longer spin-chains
using the time-dependent variational principle have seen

a larger critical point, consistent with ours [68].) In this
letter we set V = 1/2.

Following [15], we construct LIOMs for this model by
time averaging a local operator O, which we choose to be
�z

L/2. The time average of O is given by

Ō ⌘ lim
T!1

1

T

Z
T

0
dt O(t) =

X

E

hE|O|Ei|EihE|, (2)

where |Ei are eigenstates of H. In the MBL phase, we
expect Ō to be an approximately local operator with ex-
ponential tails, i.e., we expect there is some operator On

with support on n sites such that kO � Onk  e�n/⇠

where ⇠ is a characteristic localization length. In the
ergodic phase, the time average instead produces a non-
local integral of motion, predominately the projection of
O onto conserved charges. We construct Ō by full exact
diagonalization, using Eq. (2). We explore finite-time av-
erages, performed using exact diagonalization as well as
matrix-product methods, in [75].

Fermion weights.— We analyze the LIOMs by expand-
ing them in a basis of n-fermion operators. These are
related to the Pauli operators by a Jordan-Wigner trans-

Simple, mostly 2-body LIOMs all the 
way to the transition…

Accelerating approach to 
thermalization!

Transition based on eigenstate probes
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FIG. 1. (a) Evolution of the fraction f2 of the weight of the time-averaged operator Ō that comes from fermion bilinears, vs.
QP potential h. The solid lines are the average over the phase o↵set � and the “violin” shapes indicate the distribution over
�. (b) Subtracted norm Nsub of Ō vs. h, where the subtracted operator is defined by projecting out hydrodynamic modes,
eq. (6). Note the crossing at h ⇡ 4. Inset shows the evolution of Nsub with system size, indicating an instability that sets in
as the system size is increased, even for h = 3.5 where previous studies have seen an MBL phase. (c) Two-body component of
the subtracted operator, defined in Eq. (7); once again, this shows a crossing that is consistent with a discontinuous jump at
the MBL transition. (d) Quality of the finite-size scaling collapse of the curves in (b, c) as a function of the chosen collapse
parameters hc, ⌫. The yellow dot marks the minimum of the cost function; by eye, the best collapse is for slightly di↵erent
parameters (green dot) [these collapses are shown in panels (e) and (f)]. The transition seen in level statistics is marked by the
red dot; our data are clearly inconsistent with these values. For all figures, averaging was performed over 200 phases equally
spaced in the interval [0, 2⇡). The color scheme for di↵erent system sizes is shared for figures (b), (c), (e) and (f).

ent critical exponents, than previously expected. This
transition has notable similarities to the random case: in
particular, the LIOMs slightly on the MBL side of the
transition are tightly localized. Thus, as in the random
case, it seems that the QP-MBL transition is an instabil-
ity of the localized phase, which sets in at some critical
value of the localization length. The microscopic origin
of this instability remains unclear.

Model.– We consider the following model,

H =
L�1X

i=1
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i+1 + �y
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i+1 + V �z
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, (1)

where �x,y,z denote the Pauli matrices and hi =
h cos(2⇡/'(i � L/2) + �) where ' = 1+

p
5

2 and � is
a phase o↵set that we tune to translate our window.
When V = 0, this is the noninteracting Aubry-André
model which has localized eigenstates for h > 2 and
extended eigenstates for h < 2. At nonzero V , finite
size exact-diagonalization studies [63–65] of the average
eigenstate entanglement and level statistics ratio have
found an MBL transition at hc ⇡ 3 with a critical ex-
ponent ⌫ ⇠ 1. (However, studies on longer spin-chains
using the time-dependent variational principle have seen

a larger critical point, consistent with ours [68].) In this
letter we set V = 1/2.

Following [15], we construct LIOMs for this model by
time averaging a local operator O, which we choose to be
�z

L/2. The time average of O is given by

Ō ⌘ lim
T!1

1

T

Z
T

0
dt O(t) =

X

E

hE|O|Ei|EihE|, (2)

where |Ei are eigenstates of H. In the MBL phase, we
expect Ō to be an approximately local operator with ex-
ponential tails, i.e., we expect there is some operator On

with support on n sites such that kO � Onk  e�n/⇠

where ⇠ is a characteristic localization length. In the
ergodic phase, the time average instead produces a non-
local integral of motion, predominately the projection of
O onto conserved charges. We construct Ō by full exact
diagonalization, using Eq. (2). We explore finite-time av-
erages, performed using exact diagonalization as well as
matrix-product methods, in [75].

Fermion weights.— We analyze the LIOMs by expand-
ing them in a basis of n-fermion operators. These are
related to the Pauli operators by a Jordan-Wigner trans-
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FIG. 1. (a) Evolution of the fraction f2 of the weight of the time-averaged operator Ō that comes from fermion bilinears, vs.
QP potential h. The solid lines are the average over the phase o↵set � and the “violin” shapes indicate the distribution over
�. (b) Subtracted norm Nsub of Ō vs. h, where the subtracted operator is defined by projecting out hydrodynamic modes,
eq. (6). Note the crossing at h ⇡ 4. Inset shows the evolution of Nsub with system size, indicating an instability that sets in
as the system size is increased, even for h = 3.5 where previous studies have seen an MBL phase. (c) Two-body component of
the subtracted operator, defined in Eq. (7); once again, this shows a crossing that is consistent with a discontinuous jump at
the MBL transition. (d) Quality of the finite-size scaling collapse of the curves in (b, c) as a function of the chosen collapse
parameters hc, ⌫. The yellow dot marks the minimum of the cost function; by eye, the best collapse is for slightly di↵erent
parameters (green dot) [these collapses are shown in panels (e) and (f)]. The transition seen in level statistics is marked by the
red dot; our data are clearly inconsistent with these values. For all figures, averaging was performed over 200 phases equally
spaced in the interval [0, 2⇡). The color scheme for di↵erent system sizes is shared for figures (b), (c), (e) and (f).

ent critical exponents, than previously expected. This
transition has notable similarities to the random case: in
particular, the LIOMs slightly on the MBL side of the
transition are tightly localized. Thus, as in the random
case, it seems that the QP-MBL transition is an instabil-
ity of the localized phase, which sets in at some critical
value of the localization length. The microscopic origin
of this instability remains unclear.

Model.– We consider the following model,

H =
L�1X
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where �x,y,z denote the Pauli matrices and hi =
h cos(2⇡/'(i � L/2) + �) where ' = 1+

p
5

2 and � is
a phase o↵set that we tune to translate our window.
When V = 0, this is the noninteracting Aubry-André
model which has localized eigenstates for h > 2 and
extended eigenstates for h < 2. At nonzero V , finite
size exact-diagonalization studies [63–65] of the average
eigenstate entanglement and level statistics ratio have
found an MBL transition at hc ⇡ 3 with a critical ex-
ponent ⌫ ⇠ 1. (However, studies on longer spin-chains
using the time-dependent variational principle have seen

a larger critical point, consistent with ours [68].) In this
letter we set V = 1/2.

Following [15], we construct LIOMs for this model by
time averaging a local operator O, which we choose to be
�z

L/2. The time average of O is given by

Ō ⌘ lim
T!1
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0
dt O(t) =
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hE|O|Ei|EihE|, (2)

where |Ei are eigenstates of H. In the MBL phase, we
expect Ō to be an approximately local operator with ex-
ponential tails, i.e., we expect there is some operator On

with support on n sites such that kO � Onk  e�n/⇠

where ⇠ is a characteristic localization length. In the
ergodic phase, the time average instead produces a non-
local integral of motion, predominately the projection of
O onto conserved charges. We construct Ō by full exact
diagonalization, using Eq. (2). We explore finite-time av-
erages, performed using exact diagonalization as well as
matrix-product methods, in [75].

Fermion weights.— We analyze the LIOMs by expand-
ing them in a basis of n-fermion operators. These are
related to the Pauli operators by a Jordan-Wigner trans-

⌫ & 2

<latexit sha1_base64="24HiMaiwcT+1EiCdGYLUJHYJqas=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktFT0WvXisYD+gu5Rsmm1Dk+yaZAtl6e/w4kERr/4Yb/4b03YP2vpg4PHeDDPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TRWiLxDxW3RBrypmkLcMMp91EUSxCTjvh+G7udyZUaRbLRzNNaCDwULKIEWysFPgyRf7QWF+gWr9ccavuAmideDmpQI5mv/zlD2KSCioN4VjrnucmJsiwMoxwOiv5qaYJJmM8pD1LJRZUB9ni6Bm6sMoARbGyJQ1aqL8nMiy0norQdgpsRnrVm4v/eb3URDdBxmSSGirJclGUcmRiNE8ADZiixPCpJZgoZm9FZIQVJsbmVLIheKsvr5N2rerVq1cP9UrjNo+jCGdwDpfgwTU04B6a0AICT/AMr/DmTJwX5935WLYWnHzmFP7A+fwBExiRpw==</latexit>

hc & 4

<latexit sha1_base64="iV7piNoqHRNKk0boUiaJ4r1xUPw=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KolU9Fj04rGC/YA2lM120y7dbOLupFBCf4cXD4p49cd489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWju5nfGnNtRKwecZJwP6IDJULBKFrJH/YY6Q7Q+hGp9kplt+LOQVaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzyabGbGp5QNqID3rFU0YgbP5sfPSXnVumTMNa2FJK5+nsio5ExkyiwnRHFoVn2ZuJ/XifF8MbPhEpS5IotFoWpJBiTWQKkLzRnKCeWUKaFvZWwIdWUoc2paEPwll9eJc3LiletXD1Uy7XbPI4CnMIZXIAH11CDe6hDAxg8wTO8wpszdl6cd+dj0brm5DMn8AfO5w/1dJGU</latexit>

Contrary to earlier expectations, 
finite size drifts in the QP case too



Conclusion

• Quasiperiodic transition looks more similar to the random case than 
previously anticipated 

• QP transition stable to randomness??? 

• MBL phase appears strongly localized all the way to the apparent 
transition. Finite localization length at the transition. 

• Suggestive of some avalanche-like instability? Mechanism? 

2

0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 6.0

0.55

0.65

0.75

0.85

1

1 2 3 4 5 6

0

0.2

0.4

0.6

6 8 10 12 14 16

0.0

0.1

0.2

0.3

0.4

0.5

0 1 2 3 4 5 6

0

0.2

0.4

0.6

1

2

3

4

5

6

7

-3 -2 -1 0 1

0

0.2

0.4

0.6

-3 -2 -1 0 1

0

0.2

0.4

0.6|l
og

Q
|

<latexit sha1_base64="HCpqJwKMiiqK//UBuZdfsl8qGm0=">AAAB73icbVBNTwIxEJ3FL8Qv1KOXRmLiieyiiR6JXjxCIh8JbEi3dKGh2y5t14Qs/AkvHjTGq3/Hm//GAntQ8CWTvLw3k5l5QcyZNq777eQ2Nre2d/K7hb39g8Oj4vFJU8tEEdogkkvVDrCmnAnaMMxw2o4VxVHAaSsY3c/91hNVmknxaCYx9SM8ECxkBBsrtaddLgeoPu0VS27ZXQCtEy8jJchQ6xW/un1JkogKQzjWuuO5sfFTrAwjnM4K3UTTGJMRHtCOpQJHVPvp4t4ZurBKH4VS2RIGLdTfEymOtJ5Ege2MsBnqVW8u/ud1EhPe+ikTcWKoIMtFYcKRkWj+POozRYnhE0swUczeisgQK0yMjahgQ/BWX14nzUrZuypX6tel6l0WRx7O4BwuwYMbqMID1KABBDg8wyu8OWPnxXl3PpatOSebOYU/cD5/ANYej9U=</latexit>

(a) (b) (c)

(d) (e) (f)

FIG. 1. (a) Evolution of the fraction f2 of the weight of the time-averaged operator Ō that comes from fermion bilinears, vs.
QP potential h. The solid lines are the average over the phase o↵set � and the “violin” shapes indicate the distribution over
�. (b) Subtracted norm Nsub of Ō vs. h, where the subtracted operator is defined by projecting out hydrodynamic modes,
eq. (6). Note the crossing at h ⇡ 4. Inset shows the evolution of Nsub with system size, indicating an instability that sets in
as the system size is increased, even for h = 3.5 where previous studies have seen an MBL phase. (c) Two-body component of
the subtracted operator, defined in Eq. (7); once again, this shows a crossing that is consistent with a discontinuous jump at
the MBL transition. (d) Quality of the finite-size scaling collapse of the curves in (b, c) as a function of the chosen collapse
parameters hc, ⌫. The yellow dot marks the minimum of the cost function; by eye, the best collapse is for slightly di↵erent
parameters (green dot) [these collapses are shown in panels (e) and (f)]. The transition seen in level statistics is marked by the
red dot; our data are clearly inconsistent with these values. For all figures, averaging was performed over 200 phases equally
spaced in the interval [0, 2⇡). The color scheme for di↵erent system sizes is shared for figures (b), (c), (e) and (f).

ent critical exponents, than previously expected. This
transition has notable similarities to the random case: in
particular, the LIOMs slightly on the MBL side of the
transition are tightly localized. Thus, as in the random
case, it seems that the QP-MBL transition is an instabil-
ity of the localized phase, which sets in at some critical
value of the localization length. The microscopic origin
of this instability remains unclear.
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where �x,y,z denote the Pauli matrices and hi =
h cos(2⇡/'(i � L/2) + �) where ' = 1+

p
5

2 and � is
a phase o↵set that we tune to translate our window.
When V = 0, this is the noninteracting Aubry-André
model which has localized eigenstates for h > 2 and
extended eigenstates for h < 2. At nonzero V , finite
size exact-diagonalization studies [63–65] of the average
eigenstate entanglement and level statistics ratio have
found an MBL transition at hc ⇡ 3 with a critical ex-
ponent ⌫ ⇠ 1. (However, studies on longer spin-chains
using the time-dependent variational principle have seen

a larger critical point, consistent with ours [68].) In this
letter we set V = 1/2.

Following [15], we construct LIOMs for this model by
time averaging a local operator O, which we choose to be
�z

L/2. The time average of O is given by

Ō ⌘ lim
T!1

1

T

Z
T

0
dt O(t) =

X

E

hE|O|Ei|EihE|, (2)

where |Ei are eigenstates of H. In the MBL phase, we
expect Ō to be an approximately local operator with ex-
ponential tails, i.e., we expect there is some operator On

with support on n sites such that kO � Onk  e�n/⇠

where ⇠ is a characteristic localization length. In the
ergodic phase, the time average instead produces a non-
local integral of motion, predominately the projection of
O onto conserved charges. We construct Ō by full exact
diagonalization, using Eq. (2). We explore finite-time av-
erages, performed using exact diagonalization as well as
matrix-product methods, in [75].

Fermion weights.— We analyze the LIOMs by expand-
ing them in a basis of n-fermion operators. These are
related to the Pauli operators by a Jordan-Wigner trans-


