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1 o@cz‘ure :

grO.SSmannzo.n and s cluster structure

subspace identified with

all k-dimensional full rank kxn matrix

{ subspaces of (En} > (v1 .. ,vn) each V¢ Ck
up to left mult. by G, (@)

= AL @O\Men(©)  quotiont space
—> dim Gry = k(n-k)
given k-element subset T={ij< -~ <iy}c {t,...,n}
(1= det (Vur---5Vi) plucker coordinate
homogeneous, ie. det (QVis--->9v, ) = det(g) [1]
for any ge GL(C)

Grp -

& -
therefore. | get map Gry «— (DP(k) | pliicker embedding

properties: (1) the map & is one-to-one

) the imadge of & is the locus of solutions
of (krj1> (kr:1> homogene,ou.s quadraiic

Polynomi.als — so called Pl'u'.cke,r relations




simples’c are the short Plucke,r relations:

[Lu] [Lst] = [Lis][Lst] + [Lb][Lss]
where L C {17 ceen n} is (k-2) element subset

and i<s<j<t indices disppint from L

n

inside (E(k) is the affine cone /G\PE
it - frec] ryeme} o o

where pr: (]:(":)\ {o} — (]:HD(R)-1 is the projection

with dim Gry = k(n-K)+1 and coordinate ring

(]:[[I] :Ic{t,...,n} k—.su.b.set]
<P|L'Lcke,r rclo.tto*n.s>

(]:[@r?] =

cluster a|gebra




knowing all (%) pliicker coordinates is clearly redundant
information since dim @r{: = k(n-k)+1 so the

initial goa,| is to construct the Pluckex clusters , Le.

e coordinate charts on @r{: each consisting of
k(n-k)+1 independent pliicker coordinates

e transition map between two such charts
expressed by Laurent polynomials with positive

'mte,ge,r coefficients

Lostnikov p@iaugﬁo.ms :

definition: let 7TeS, be a permutation ; a

JT- Po.s’cni,kov d.‘eag‘ram 1S Q conﬁgwation 0@ of n

oriented. Pafch.s in the disk whose start and end

points alternate clockwise a|ong the disk’s bou.ndary

such that



s'mg|e Paih joins source
i 7T(i)
vertex i to sink vertex 7T(i)

all crossings are transversa,

and no se,lf‘ - cross'mgs

no unoriented lenses ><><

forbidden

even number of alte,rnating s 7T (i)

crossings a.long each Po.th



two diagra:ms con.sid.e,re,d. ° Lsotopy

equivalent when related by e local creation/annhilation

of oriented lenses




two type,s of reqions in D

alternat inq oriented

la,be,lmg rule :  each alte,rnati'ng reqion left

the of i path ge,ts label i




prope,rtte,s: consider the Grassmann Pe,rmutation

(Postrikov) 7Ty (1) = (i+k) mod n| in S and let

D be a JTkjn—Post'nLkov diagram then

(1) # interior alter. reqions = (k-1)(n-k-1)

+# bowndarg alter. regions = N total = k(n-k)+1

(2) each alter. region of & labeled by o

distinct k- element subset 1 € {1 3oy N }

(3) each bownd.a.ry alter. reqion labeled. by a

k- element C3c|ic interval of { I,...,N } , Le.

subset of the form {(L+r) modn|1<r<k}

4) each k-element subset 1 < {1 —
occurs as the la.be,lmg subset of an alter.

reqion of some JTk)n—PostnLkov diagram



(5) each pair I,J of labelmg subsets of & is
non-crossing , i.e. mever find indices i,j € I-J

and s,t €J-I such that either

i<s<j<t| or 5< i<t <

definition: the quad.-move, associated to a

interior alter. quadrdate,ra,l reqion of a JT-Post'nLkov

d.La,gram B is the f'o“owmg local transformation



observations (Postnikov) :

(1) the result D is a 7t postnikov dtagram
(2) the quad-move is an involution , up to equivalence

(3) any ft-Po.st'nLkov diagram can be obtained from

an 'm'd:'aal dtagmm o@ by successive qu.ad-move,s

(4) the effect of the qua.d-move, on k-subsets is

for some (k-2) element subset | ¢ {1 yee-n N }

and. crossing indices {i,],s,b} disjoint from L

Ci.c. either i<s<j<t or s<i<t<]



remark : Lij is replace,d by st and no other

k-subset label of & cha.nge,s

remark : the quad-move, corre,spond.s to the short

pliicker relation [Lij] [Lst] = [Lis][Lst] + [Lit ][Lys]

definition: the cluster associated to a JT-Post'nLkov

d.i,agram o@ is the set of Pl‘u‘.cke,r coordinates

k-subset labels T of }
alter. reqions of H

Xp@ = {[I]

result: let & be a JTk)n—Post'nLkov d.Lagra.m then
(1) for any k-subset J c {1,...,n} the pliicker
coordinate [J] can be e,xprcssed as a subtraction

_free. rational Polynom'eal in [I]€ X@

(2) the plicker coordinates in X g are algebratca“g
independent and ([:(X 0@) = (]:(@'"E)



/N utation ond (luster Z_/zeoré/:

( gememhzmg quad-move,s and. short Plucke,r re,la.tions)

definition: the quiver associated to a H-Postmkov

diagra:m D is the oriented graph Q@ whose

(1) vertices correspond to the alter. regions of D

(2) an edge is drawn when two alter. regions are

incident at an intersection

of two paths accordmg to

the fo”owi*ng local rule

remark : before cons’cmctmg Q o we annhilate

all local oriented lenses in o@ to avoid cre,a.tmg

oriented 2-cgc|e,s O in the quiver

definition: the seed of the JT-Post'nLkov d.w.gram
B is the pair (Q ,X@)




Example :

T Po.s’cnikov

diagram kD,

corrcspond'mg seed ([456] \\

C.ILLWCT' Qp@ O.‘nd.

cluste,r X k2] / [HS] /)
[345] \\[1%]



definition: a seed (Q,X) is an oriented graph Q

without oriented 2-cycles (ie. a quiver) along with an

algebraically independent set X = {XV :veQ ve,rte,x}

of rational functions (i.e. a cluster)

for example on Gr{:

definition: Mutation u, of o seed (Q,X) at a

vertex ve(Q is a transformation which creates a

new seed (Q,X) where

(1) X is obtained by replacing X, € X with X,
defined b'j the e,xcha:nge, relation

X, X, = [ Ixy + [ ]xy

WT—“>V WﬁV




(2) QQ is obtained in three steps by

[ reversing orientations of all e,dge,s incident to v

R

0. create an edge w—u for each pair of e,dge,s

u—V and Vv—w
W W
u‘\’/) UG
V V

M. annhilate any oriented 2-cgc|e, created by step I

qu — U® eWw



observations :

(1) (]:(X) = (]:()/() fields of rational Po|3'nomia.|s
(2) Mutation is an involution ; IU.S (Q,X) = (Q,X)

for any vertex veQQ

remork 1 each quad.-move, of D corre,sponds to

Mu.tatmg Qo@ ot the 4-valent vertex associated

to the interior alter. quad.rilate,rd region

remark : in this case the short P|’u‘.cke,r relotion

is the e,xcl')a:ngc relotion

remark : the quiver Q/a@ obtained bg mu.taimg Q 2

af a non 4-valent vertex mno longer corre,spcmds to

) TE-Post'nLkov d.'eagram



Example :

the excha:ng& relotion in this case reads

[134][134] = [123][3us][ue] + [234][15][13¢]

and. using short pliicker relations we qet
(134 = [23¢] [145] - [123][45¢] € (]:[@rg]

[134]/ is an e,xa:mple, of a twisted Plucke,r coordinate



definition: a P|u.cke,r coordinate [1] is frozen if

the k-subset I is a ch|Lc interval in {17 ce e n}

definition: a vertex ve(QQ of o seed (Q,X) is

frozen if X, € X is a frozen Pluckcr coordinate

all other vertices of Q are active

definition: let & be any JTkjn—Po.st'nLkov dtagra:m;

a Grassmann seed is a seed (Q,X> obtained by

rcpeatcd@ mutating (Q , X 0@) using only active

vertices

definition: a cluster variable is any rational function

X € X which is not a frozen Pl'u;cke,r coordinate and

where (Q,X) is a Grassmann seed; X will

dencte the set of all cluster variables



Theorem.: let X GX be. any cluster variable then

(1) X is a reqular function on Gry, ie. X¢ ([:[G,«E]

(2) X can be u.nique,ly e,xpressed as a lLaurent

/
Polgnomtd in X'e¢ X with Posd:ive 'm’Ecger

coefficients and where (Q,)/() is any

Grassmoann seed



