:D'Lmers and Grassmannlans

CUNY TTS | august 2023

Jeanne Scott

2 o@cz‘ure



Vel o?\?,cz‘ure:

Cwist automorphism its dimer expansion

Notation: for 1<i<n let ﬁ={(l—r) mod n |o<r‘<k—1}

and O ¢S, be the permutation o) = (i-1) mod. n

definition: the geme,ralize,d cross-product Vyx - -+ x Vi

of Vi,...,Vp € (]:k is the vector in (Ek satisﬁjmg

<V1><--~ka_1,W>= d.e't<vla---7vk-1vw>

for all we CK where (v,w) is the standard inner product

definition: the twist 7(}_7 = <W1,...,Wn> of a kxn

matrix 77 =(Vis...>Vn) is the kxn matrix where

WL = & Vgokigy X Vgkey X ° ° ° X Vg

i (k-1)
T ekt

1)

and where & =
1 if ik



Example,sl let 77Z=<V1 ,...,Vn> be a kxn matrix
(1) 7(?_7=(-vn,vl,...,vn_1) for k=2

«—

(2) 77 = (Voo Vo s Ve X Vi 5 ViX Vs 5 . 5 VX Vory ) for k=3

observations :

1) 777 € Matt)n(@ whenever 777 € Matt,n(@

7)7 deJc 77 for any geGLy (€)

(3) the twist 777'—> ﬁz induces both a birational

map ?‘GPE _’GPE as well as a re,gu.lar

map P GPE B Gr{:

definition: the twist T of o function f¢ (]:[@rl?]
is the composition f=1(2)

remark :  the map f—7T is an a.lge,bra. homorphlsm

ClGr] — Cl&)



Example,: for k=3, n=6 caleulate [246]

7;7 - (Vl » V2 ,V3, Vi, Vs )Vc,> € Matﬁ)@ ((]:>

«—

7}? = (V‘SX Ve 2Vo X Vi, VI X Vo, Vo X V3, V3 X Vy ,V4Xv5)

[246] = det (Vc,x\/l V2 X V3 V4XV5>

= (VX Vp, (VoX V3) X (VX Vs) )
et (Vo Vox Vg ) Vg, VX Vs )
(Vi,Vex Vg ) Vi, VX Vs )
e ([236] [456])
[123]  [145]
= [236] [45] - [123][45€] cluster variable !

fact: the twist X of any cluster variable X GX can
be. e,xpre,sse,d. as a Prod.u.ct X = my where yeX
is a cluster variable and M is a monomial co*n.si.stmg

of frozen P|u;cker coordinates (1] for 1<i<n



Problem : caleulate the unique Laurent Po@nomta'

—

expansion of each twisted Plucke,r coordinate [1]
with respect to the cluster X4 associated to any

T o= Po.st'nikov d.i,agm:m o@

_C//7& Bipartite Dual grap/,v
of o Postnikov o@c’adar'o.m:

definition: the bipartite graph dwal to a J‘[-Postmkov

d.w.gram L is the bipartite graph E@ whose

(1) vertices correspond to the oriented reqions of &

O -vertices & counter-clockwise. regions

@ -vertices & clockwise regions

(2) an edge is drawn when two

oriented reqions are incident

ot an intersection of Paths







definition: the i* boumd.arg vertex of E@ is the

®-vertex which corresponds to the clockwise bowndary

reqion of & touching the i source and sink, 1<ign

definition: let 5E@ dencte the set of bownd.a.ry

vertices in E‘@

observations:

(1) 4+ @-vertices = # O-vertices + k

(2) #oly=n

remark : the faces of E@ corre,spond. to the alter.

re,gicm.s o\e o@

definition: label o face of E‘@ bg [I] i the

corrcspo*ndmg alter. regéo*n in o@ is labeled bg I



two bipartd:e, graphs considered cguivalcnt when related
b'j i,sotopg and O-vertex blow-ups ond blow-downs

<:P’/\GOO<

d.own

du.o.l version O{‘ |OCO.|

N
creation /annhilation P — ><><

of oriented lenses




observation: let & and 0@/ be J'[-Pos’c'nikov diagrams

related bg a qua,d.-move, then the bipartite dual
graphs E@ and E@ are related by a spide,r-'move,

up to e,qui,va.lemce, up to cqu.iva.lemce

KE;
8-S

up to cqmvalefnce up to cqmvo,lefnce



sptde,r -mMmove

le Le

definition: the face-induced cdge

wcigh’c of an edge, ee€ E@ is
t

we) = 1_[ I:Is:l where

5=1

Examgle :
wE) = [145][14¢]

W@ = [134]



o@lmeﬁsl

definition: Eg will denote the induced subgraph of

E@ obtained by removing the bownda.ry vertices in
Ol labeled by the k-subset I < {1,...,n}

I
remark : # @-vertices = 4 O-vertices in E@

definition: a dimer conﬂgum’cton S is a subset

of e,dge,s in Eél such that each vertex ve E@I is

incident to cxactly one edgc ced

definition: the dimer partition function of E@I is

AI@ = z w(§) with w(§) = l__[w(e)

I
dimers & on E@




3

[145][146][136] - [136][234] [145] [145][146][136] - [123][345] [14 6]

Azg’ = [usl[e][13¢] - ([136)[234][145] + [123] [345][14¢])

1 S
Y

= [134] [134],e,xc|'\amge, relation

= [134] @ twist



remark : AI is independent of blow-ups/downs,, i.e.

AI = AI whenever [ and [ are two bipartite graphs
related by blow-ups/downs and both equipped with

common Tface-induced cdgc-wcights

Theorem: let & be any T - Postnikov d.iagram and
let E@ be its bipartite dual graph then

(%) [T] = AI@ ‘ l_[ []7 for any k-subset I

nterior faces

finlg

J

dencte bfj Il 2

(omments on Froof':

S

(1) prove OK) for a specific 7, - diagram &
(involves condensation identities)

(2) prove that if (%) is valid for some 7y -diagram
& then (K is valid for any diagram obtained

from & using a. quad.-move, (spidcr-movc)



Yoint 1:

e Construct T[kjn—d.tagram £ such that
(1) there is a k-subset I for each [I]GX@

such that E_I] = ml[ﬂ where M; is some

monomial of frozen P|L‘Lcke,r coordinates

©) X = {[1]

the cluster of another 7t kjn—diagram KD,

LS

k-subset labels T of}
alter. reqions of &

1
° E@ has e,xact|3 one dimer conﬁgu.ra,tion and

formula (%) is valid for each [I]eX 2, Le.
1] - AI@ ['l5
e { A{@ : k-subsets J } satisfy the plicker relations

—

[ {[ ] : k-subsets J } sa.ti,.sfy the Placke,f re,|a.ti,0'ns

® each ﬁ] is o homogeneous, deqree one Laurent

Polcjnomia| in [T] for [I]eX 2



Yoint 2

e must show AI@ I, = Alp@fl_[p@/ whenever &
and. & are related by o quad-move, ie.

L] Ay = (L] Ay

where [LLJ‘] € X 2 and [Ls{;] € X o are e,xcha:nge,d.
by the quad-move with i<s< j<t dispint from L



® seven cases to consider: condition bg how vertices

u,v,w,z match with the two interior O-vertices

Z u Z u
=
</ [Lis] - [Lis]
W \Y W \Y,
Eg‘alwz E@I’WZ

[LLJ‘] [l_i,S] A{gz [l_s{:] [I_i.S] Algfz

~_

conditioned partition functions equal



