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3¢ o(écz‘ure



3" o??,cz‘ure:

Bimers , surfaces , and Spin-structures

definition: o bipartite map (F , Z) is o pair where

-["isa bipartite qraph, # @-vertices = # O-vertices

-2 is a closed, oriented surface, genus = g
- embedding [T 2 Vfface, closure f = disk

- there exists abstract weight w(@), Ve e,dgc

Examgle,: bipartite map (F , Z) on 2. = torus




definition: as before, the weight of a dimer
comclgumtion S of [ is w(§) = 1_[ w@)

ced

observation: the symmetric difference $2°§ of
two dimers S and & is dL.sjomt union of simple

cycles in 2. and determines homology class
[s28] ¢ Hi(Z5F,)

definition: for ¥ € HI(Z5H'-2) the »-dimer partition

function is
NN

di,'YTLE,T‘S 5 on r
[§48] =7

where 80 is a fixed reference dimer




definition: a kas’ce,|e,3n orientation & of (F , Z) is

an edqe-orientation X(@) € {1} Ve edges such that
ofl

1 LAy
[ [&e =(1) * VFfaces
cedf
| <O

where X(@) =
-1 O

remark : if & is ka,ste,le,yn and vel is a vertex then

~ -X@) if veoe
X(@) =
X@) i véde

defines a kasteleyn orientation; & and X are said

to be gauge-cqmivalcnt

remark : label edqes ced, by {t,..., n} and label
o vertex vel by ie{t,...,n}f vede and e is

labeled by i where #[ =2n



definition: the kas’cde,g’n matrix AT— is the nxn

matrix whose ixj entry is
o—e o—@
‘k( L] ) ' w( L] )
Theorem : (Cima.som - Re,she,ti,khm)
X
)
det AL = o?(éo)-z (1) 7 AT
¥eH,(25F,)

where X(So)=] [ %@ and q*: H,(Z3F,) = F,

ecd,

is an H'—z -valued qua,clm,ttc form depefndmg on both

the reference dimer &, and kasteleyn orient. &

remark : Kuperberq has a construction, using $o
and X, which creates o vector field » on 2 with
even-index sinqularities. From 7 a cohomology class
g e H'(Psoi F,) where Poy = 2 is a principal

50(2)-bundle , ie. o Spin-structure




77Zufa tion

definition: let X = {X; : faces rolc () Z)} be o set

of 'mdcpemdemt variables. let w(@) be the associated

fa.cc-tndu.acd cdgc-wctgh’t \cor an e,dge, c o\c (F ) > )

remark : we work up to Lsotopg and O-vertex

blow- ups and blow-downs

2 e

d—OW'h




definition: let ([ X) be a bipartite map with face -

induced edge-weights. the spider-move, associated

to a quadrdatcml foce is local transformation

. - Q
o (5
19 XsXs = X;X3 + XoXu (/72)

e,xchangc relotion

definition: using the spLde,r-move we can tra:nsPort

o dimer $ on (CZ) to a dimer & on ()

seven cases:




observation: let &, be a reference dimer for (C )
and let 52) be o dimer for (l: ' Y) obtained by

transporting &g using the spider-move then
' ¥
]._.[r Ar = ]._.[f‘ Af‘ for any ¥ € H1(27H:2)

where 1_[1— = 1_[ X1E1

faces f

definition: we can also tra:nsPort a ka,stcle,g'n orient.

X on (F,Z) to a kastclcgn orient. & on (l:,Z)

~

(C2) with & (C3) with &

observation: the sptde,r-move, on kaste,le,g'n orients.

iS we”-de,\cme,d a:nol. iS an 'mvolutio*n



Conjecture: let $o and X be a reference dimer
and. kasteJey'n orient. on (F )5 let 56 and &

be their counterparts on (l: ' >) then the quadratac
forms q‘k and qJ? are e,qua,|



