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It doesn't matter how beautiful your theory is, it 
doesn't matter how smart you are. If it doesn't 
agree with experiment, it's wrong.”

― Richard P. Feynman



In recent years, there has been a stunning and a delightful matching 

between the beautiful theoretical and experimental worlds of

quantum integrable models and experimental quantum chains !!



A remarkable example: 2d Ising model 
in a magnetic field at T=Tc …



…and its underline E8 structure





eight massive states perturbed away from the 1D QCP.
Despite these inherent difficulties, the observation of the
lowest two E8 states (m1 and m2) at the 1D ferromagnetic
QCP of the quasi-1D magnet CoNb2O6 from inelastic
neutron scattering (INS) measurements provided evidence
of the quantum E8 spectrum [9] and motivated further
materials-based studies on this fascinating phenomenon
[10]. Recently, the quasi-1D Heisenberg-Ising antiferro-
magnetic (AFM) materials, e.g., BaCo2V2O8 (BCVO) and
SrCo2V2O8, have attracted numerous studies with rich
quantum phases and excitations induced by transverse or
longitudinal fields [11–18]. It is desirable to explore
whether this system can host a complete picture of E8

physics. Along this line, excitations up to the fifth E8

particle (m5) have been resolved by a recent terahertz
spectroscopy measurement on BCVO [19].
In this Letter, we report unambiguous identification of

the full E8 spectrum via a combination of NMR and INS
measurements on BCVO with a field along the [010]
direction. We use NMR to accurately locate the 1D QCP
[H1D

c in Fig. 1(b)], then perform the INS measurements to
present the full E8 spectrum for the first time. This result is
highly consistent with both the numerical calculations with
Eq. (1) for the BCVO material and the theoretical analysis
of the essential integrable part of the model, providing an
unambiguous evidence for the existence of the E8 physics.
Furthermore, our study also captures all the multiparticle
modes in the studied energy window. This rare experi-
mental realization of the E8 physics and other coherent
modes suggested by an integrable system provides a solid
experimental test bed for an exploring exotic feature of the
dynamics and the excitations in quantum magnets.

To begin with, BCVO can be described by the
Hamiltonian [13]

H ¼ J
X

n;i

½Szn;iSznþ1;i þ ϵðSxn;iSxnþ1;i þ Syn;iS
y
nþ1;iÞ&

þ J0
X

n;i≠j
Szn;iS

z
n;j − μB

X

n;i

g̃H · Sn;i; ð1Þ

which includes intrachain coupling J, the anisotropic factor
ϵ, and the weak interchain coupling J0, with the spin-1=2
operator Sμn;i (n and i=j are chain and site labels, respec-
tively) and the Landé factor tensor g̃. Detailed parameter
values are described in the Supplemental Material (SM)
[21]. Without the J0 term, the system reduces to decoupled
1D AFM chains which accommodate a QCP [H1D

c in
Fig. 1(b)] of TFIC universality [11,12,31]. Although the
existence of J0 hides the putative 1D QCP deeply inside the
AFM ordered phase, the renaissance of strong 1D quantum
fluctuation provides a finite temperature quantum critical
region which can be detected outside the AFM phase
through NMR experiments. On the other hand, at the
hidden 1D QCP of a TFIC universality basis, the weak J0

interaction provides a longitudinal background perfectly
satisfying all the prerequisites to exhibit exotic E8 excita-
tions [21], with the eight single-particle masses in units of
m1 shown in Fig. 1(c). Note that, due to the screw structure
[Fig. 1(a)], characterized by the g tensor g̃ [13], external
field H along the a axis induces an effective staggered in-
plane field to lower both H1D

c and H3D
c significantly.

We first determined the location of the putative 1D QCP
via carrying out 51V NMR measurements on BCVO with

(a) (b) (c)

FIG. 1. BaCo2V2O8 in a transverse magnetic field. (a) The
crystal structure of BaCo2V2O8. Co (O) is labeled by blue (red)
spheres. Note that the apical Co-O bond are tilted ∼5° from the
c axis [20]. (b) Schematic phase diagram of BCVO in trans-
verse field. Brown circles represent TN determined by 1=T1

[see Fig. 2(a),(b)], with a 3D QCP at H3D
C ¼ 10.4' 0.1 T and a

putative 1D QCP at H1D
C ¼ 4.7' 0.3 T. Blue ribbon area

covers the location of emergent exotic E8 phase. (c) An
illustration of E8 single particle masses mi (i ¼ 1; 2;…; 8)
along the energy axis (see also Tab. S1 in [21]). The digits label
the energy in units of m1.

(a) (b)

FIG. 2. 1D QCP of TFIC universality identified by NMR
measurements with field along the [010] direction. (a) The spin-
lattice relaxation rate 1=T1 as functions of temperatures measured
under different in-plane fields. Down arrows point at the peaked
position in 1=T1, which determine the TN . (b) The 1D gap Δ
obtained by fitting 1=T1 (see text) with temperature from 6 to
12 K. The solid line is a linear fit to ΔðHÞ, which gives the gap
closing field of 4.7' 0.3 T as the 1D QCP. Inset: An enlarged
view of the data in the low-temperature, paramagnetic regime in
the log-log scale, with a straight guide line 1=T1 ∼ T−0.75.
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Spin-chain material
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Quantum Criticality in an Ising Chain:
Experimental Evidence for
Emergent E8 Symmetry
R. Coldea,1* D. A. Tennant,2 E. M. Wheeler,1† E. Wawrzynska,3 D. Prabhakaran,1
M. Telling,4 K. Habicht,2 P. Smeibidl,2 K. Kiefer2

Quantum phase transitions take place between distinct phases of matter at zero temperature. Near
the transition point, exotic quantum symmetries can emerge that govern the excitation spectrum of
the system. A symmetry described by the E8 Lie group with a spectrum of eight particles was long
predicted to appear near the critical point of an Ising chain. We realize this system experimentally by
using strong transverse magnetic fields to tune the quasi–one-dimensional Ising ferromagnet
CoNb2O6 (cobalt niobate) through its critical point. Spin excitations are observed to change character
from pairs of kinks in the ordered phase to spin-flips in the paramagnetic phase. Just below the
critical field, the spin dynamics shows a fine structure with two sharp modes at low energies, in a
ratio that approaches the golden mean predicted for the first two meson particles of the E8 spectrum.
Our results demonstrate the power of symmetry to describe complex quantum behaviors.

Symmetry is present in many physical sys-
tems and helps uncover some of their funda-
mental properties. Continuous symmetries

lead to conservation laws; for example, the in-
variance of physical laws under spatial rotation
ensures the conservation of angular momentum.
More exotic continuous symmetries have been
predicted to emerge in the proximity of certain
quantum phase transitions (QPTs) (1, 2). Recent
experiments on quantum magnets (3–5) suggest
that quantum critical resonances may expose the
underlying symmetries most clearly. Remarkably,
the simplest of systems, the Ising chain, prom-
ises a very complex symmetry, described math-
ematically by the E8 Lie group (2, 6–9). Lie
groups describe continuous symmetries and are

important in many areas of physics. They range
in complexity from the U(1) group, which ap-
pears in the low-energy description of super-
fluidity, superconductivity, and Bose-Einstein
condensation (10, 11), to E8, the highest-order
symmetry group discovered in mathematics (12),
which has not yet been experimentally realized
in physics.

The one-dimensional (1D) Ising chain in trans-
verse field (10, 11, 13) is perhaps the most-studied
theoretical paradigm for a quantum phase transi-
tion. It is described by the Hamiltonian

H ¼ Si − JS z
i S

z
iþ1 − hS x

i ð1Þ
where a ferromagnetic exchange J > 0 between
nearest-neighbor spin-½magnetic moments Si ar-

ranged on a 1D chain competes with an applied
external transversemagnetic field h. The Ising ex-
change J favors spontaneous magnetic order along
the z axis ðj↑↑↑ ⋯ ↑〉 or j↓↓↓ ⋯ ↓〉Þ, whereas
the transverse fieldh forces the spins to point along
the perpendicular +x direction ðj→→→ ⋯ →〉Þ.
This competition leads to two distinct phases, mag-
netically ordered and quantum paramagnetic, sepa-
rated by a continuous transition at the critical field
hC = J/2 (Fig. 1A). Qualitatively, the magnetic field
stimulates quantum tunneling processes between
↑ and ↓ spin states and these zero-point quantum
fluctuations “melt” themagnetic order at hC (10).

To explore the physics of Ising quantum crit-
icality in real materials, several key ingredients
are required: very good one-dimensionality of the
magnetism to avoid mean-field effects of higher
dimensions, a strong easy-axis (Ising) character,
and a sufficiently low exchange energy J of a few
meV that can be matched by experimentally at-
tainable magnetic fields (10 T ~ 1meV) to access
the quantum critical point. An excellent model
system to test this physics is the insulating quasi-
1D Ising ferromagnet CoNb2O6 (14–16), where
magnetic Co2+ ions are arranged into near-isolated
zigzag chains along the c axis with strong easy-
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124 transverse field scanning from 3 to 12 T. The spin-lattice
125 relaxation rate 1=T1 with temperature at various transverse
126 field values are shown in Fig. 2(a). Below 15 K, 1=T1

127 exhibits a strong field dependence consistent with the onset
128 of 1D critical magnetic correlations. At low fields, the
129 magnetic transitions are clearly evidenced by a peaked
130 feature in the 1=T1 with strong low-energy spin fluctuations
131 when magnetic ordering occurs. A sharp drop of 1=T1 is
132 followed below Néel temperature TN , dominated by the
133 spin-wave excitations. The TN at each field is then
134 determined from the drop and displayed in the phase
135 diagram of Fig. 1(b), consistent with results from other
136 measurements, e.g., magnetic susceptibility [13].
137 In the vicinity of the 1D QCP, the 1=T1 of the para-
138 magnetic phase at high-temperature follows an analytical
139 form of 1=T1 ∼ T−0.75e−Δ=KBT , where Δ is the gap value

140[1,32]. From 6 to 12 K, 1=T1 follows the power-law form at
1415 T and deviates from it at other fields, hence, a 1D QCP
142(H1D

C ) is suggested at about 5 T [see Fig. 2(b) inset]. To
143better resolve the H1D

C , we fit the gap Δ and find it follows
144ΔðHÞ ¼ 1.62gxxμBðH −H1D

C Þ with field, where H1D
C ¼

1454.7$ 0.3 T [Fig. 2(b)]. The linearly vanishing gap and
146the scaling exponent 0.75 near 5 T demonstrate a 1D QCP
147of TFIC universality in the relaxation rate [1]. As demon-
148strated in the inset of Fig. 2(b), 1=T1 ∼ T−0.75 is at field near
1495 T, and the spin dynamics at the 1D QCP is characterized.
150Since the 1D QCP hides in the 3D ordering dome, the
151competition between this 1D quantum criticality and the
152ordered background results in interesting excitation. We
153then performed INS to measure the dynamical structure
154factor (DSF) of BCVO under the transverse magnetic field.
155Figure 3(a) shows many distinctive peaks in the constant-Q

F3:1 FIG. 3. E8 excitation spectrum near the 1D QCP. (a) (Zone center) INS Intensity at Q ¼ ð002Þ in BCVO at the vicinity of the 1D QCP
F3:2 with H ¼ 4.7 T at 0.4 K. Blue diamonds with error bars correspond to experimental data and black lines are the fit to the Gaussian
F3:3 functions. The red vertical lines at eight peaks correspond to the eight single E8 particles. Other peaks come from multiparticle excitation
F3:4 and zone-folding effect identified by ITEBD method. The peak with mass mi1i2;…;in labels multiparticle channel with particles masses
F3:5 mi1mi2 ;…; min . The colored regions illustrate contributions from zone-folding effect with transfer momentum at q ¼ 0 for regions near
F3:6 the F1 peak and at q ¼ π=2 for regions near the F2 peak. (b) The analytical dynamic structure factor Dxx calculated from quantum E8

F3:7 integrable field theory [21]. Red curve stands for single-particle spectra, while black curve is obtained after including multiparticle
F3:8 contributions. In accord with the experiment,m1 is set as 1.2 meVand the analytical data are broadened in a Lorentzian fashion with full-
F3:9 width at half-maximum fixed at 0.08m1. (c) Neutron scattering intensity from ITEBD calculations at the zone center. The black and blue

F3:10 curves are results with and without zone-folding effect. DSF spectra for individual scattering channel: (d) single-, (e) two-, (f) three-, and
F3:11 (g) four-particle contributions to the Dxx. ijkl refer to excitations with combined mass modes of mimjmkml.
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• If possible, there is a class of universality even 
richer and more intriguing!

• It is the one of the Tricritical Ising Model

• It poses an interesting and engaging challenge  
from the experimental point of view

• Beautiful symmetries: E7, SUSY, duality, parity, etc.



Topics of the seminar
• The class of universality of the Tricritical Ising Model

(i) low-high temperature duality
(ii) E7 particles, kinks and their elastic S-matrix

• Exact Form Factors and Dynamical Structure Factors
(i)    Bootstrap equations
(ii)    Exact solutions and operator content

(i)   Spin 1 and Blume-Capel model

(iii)   SUSY and E7 symmetry 

• Thermal deformation

(ii)   Conformal Field Theory and its deformations
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Sz = {±1, 0}

The Physics of Spin 1
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2-dimensional statistical model



Blume-Capel Model 

ti = {0, 1}

si = {±1}

H = �J

X
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TIM

Low
Temperature
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Phase diagram of TIM

Ising Model

1 order

2 order
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By varying the chemical potential of the vacancies

Critical Ising Model !



Space of  QFT’s 

TIMIsing

(BPZ)



Stress-energy tensor and Virasoro algebra

Mode expansion
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Stress-energy tensor and Virasoro algebra
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• IR and primary operators
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Ln��(z) = 0 , n > 0

• c identifies the classes of universality



TIM: Operator Content from Conformal Field Theory

Second unitary minimal model. The anomalous dimensions !
are given by the Kac table

The central charge is c=7/10
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Fusion Rules and Structure constants of TIM



Duality: order and disorder operators

• In the TIM, each order operator " is accompanied by its dual disorder operator #, 
of equal conformal dimension 

• As in the Ising Model, this is a consequence of the presence of fermionic fields!

Kramers-Wannier (1941)
J. Frohlich et al. (2006)



Fermionic fields and Supersymmetry

Mode expansion
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Fermionic fields and Supersymmetry
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IR and primary operators (NS and R)

• NS Sector: Superfield
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IR and primary operators (NS and R)

• NS Sector: Superfield
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Z2 Symmetries
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Hidden symmetries
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Equivalent Coset constructions of the TIM

SU(2)
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SUSY

SU(2)4 ⇥ SU(2)1
SU(2)5

SU(2)1 ⇥ SU(2)2
SU(2)3

(E7)1 ⇥ (E7)1
(E7)2



Landau-Ginzburg description
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Nature of the QFT of the relevant deformations of TIM
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High T (particles)

Low T (kinks and 
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Massless particles
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